






































































































































































































































































































































































































Deviations from the assumptions of Normality and uniform variance 1 8 1  

+-' 

§ 0. 4 

!.... 
Ill 
,;:,_ 

LI 
:C 
� 0. 2 
;:;­Ill !.... 4-
Ill )-

+-' 
rd ...... Ill Lt'. 

-8 

t [I i S t t- i b LI t i 0 tl �� i t h 7 d • f . 

-6 -4 -2 0 
S a m p l e  

4 6 

t t- a t i o  

Fig. 10.11 Sampling experiment on the two-sample t statistic from a highly 
skewed population distribution, unequal samples. 

freedom. The fit to the t Distribution is remarkably good and in general for 
two equal-sized samples the t method is very resistant to deviations from 
Normality. As the samples become less equal in size the fit becomes less good. 
Figure 1 0. 1 1  shows what happens when we have the difference between a 
mean of 3 and a mean of 6. The fit is not as good as in Fig. 1 0 . 1 0, but still con­
siderably better than in Fig . 1 0.9 .  We can see that even large departures from 
Normality are not too upsetting to the two-sample t method . This means that 
we need not worry about small departures from Normality. If  there is an 
obvious departure from Normality, we should try to transform the data to 
Normality and then apply the t Distribution. If  we can't do this we must use a 
different approach to the data as described in Section 12 .2 .  

The other assumption of the two-sample t method i s  that the variances in  
the two populations are the same. If  this i s  not correct, the t Distribution will 
not necessarily apply. However, the effect is usually small i f  the two popula­
tions are from a Normal Distribution. Figure 10 . 1 2  shows the two sample 
t statistic for samples size 3 and 6, and for sizes 6 and 3, where the variance of 
the second is four t imes that of the first .  However, it is unusual to have 
unequal variances with Normal data. Unequal variance is more often asso­
ciated with skewness in the data, in which case a transformation designed to 
correct one fault often tends to correct the other as wel l .  

To sum up, both the one- and two-sample t methods are said to be ' robust' 
to most deviations from the assumptions . In other words, only large devia­
tions are going to have much effect on the method . The main problem is with 
skewed data in the one sample method, but for reasons given in Section 10 .2 ,  
the paired test will usually provide differences with a reasonable distribution . 
I f  the data do appear to be non-Normal, then a Normalizing transformation 
will improve matters. 
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Fig. 10.12 Sampling experiments on the two-sample t statistic from Normal 
populations with unequal variances, samples size 3 and 5.  (a] larger sample has 
larger variance, (b) smaller sample has larger variance. 

If the assumptions are not met and the data cannot be transformed , all is 
not lost . In the unusual case of populations which are Normal with variances 
which cannot be assumed to be the same, there is an approximate t method 
using the formula of 8 . 5 ,  as we noted in Section 10 . 3 .  We shall discuss an 
alternative approach which requires no assumption of Normality in 
Chapter 12 .  

10.6.  What is a large sample? 

In this chapter we have looked at small-sample versions of the large-sample 
methods of Sections 8 . 5  and 9. 7. In Sections 8 . 5  and 9. 7 we ignored both the 
distribution of the variable and the variability of s2, on the grounds that they 
did not matter provided the samples were large. How small can a large sample 
be? This question is critical to the validity of these methods, but seldom seems 
to be discussed in textbooks . 

Provided the assumptions of the t test apply, the question is easy enough to 
answer. Inspection of Table I 0. 1 will show that for 30 degrees of freedom the 
5 per cent point is 2 .04, which is so close to the Normal value of I .  96 that it 
makes little di fference which is used . So for Normal data with uniform 
variance we can forget the t Distribution when we have more than 30 
observat ions . 

When the data are not in this happy state, things are not so simple. Figure 
I 0. 1 3  shows one sample t statistics from the highly skewed distribution of 
Fig . 10 .9 .  When we have samples of size 30, the fit to the Normal 
Distribution is quite poor. The sampling distribution of the I statistic is 
noticably skew, in this case to the left .  Even a sample of size 1 00 appears to 
deviate from the Normal, though in this case not by much . Although there is 
still some skewness present the proportion of mean/standard error ratios 
outside the - 2 to + 2 interval is 4. 7 per cent , so here the use f the Normal 
approximation will not lead us far astray. 
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Fig. 10.13 Sample mean - population mean over standard error for 750 
samples from a skewed population, sample sizes 30 and 100. 

For two sample comparisons, things are better. We have already seen that 
equal-sized samples give a remarkably good fit to the t Distribution . Figure 
10 . 1 4  shows the sampling distribution for the difference between means of 
sample size 10 and size 20, divided by the standard error . The standard error 
used is that of Section 8 . 5 ,  with separate variances. As we might expect from 
the previous section,  the fit here is better than for the single sample, but there 
is still room for improvement . For samples of size 33 and 67 the fit is quite 
good. 

Of course, it would be a mistake to draw any strong conclusions from so 
few simulations, but they do illustrate a few principles. First, if in doubt , 
treat the sample as small . Secondly, transform to Normality if possible, espe­
cially in the one-sample case. In the one"sample case it is easy to transform 
estimates of confidence limits, etc .  back to the original scale anyway. 
Thirdly, the more non-Normal the data, the larger the sample needs to be 
before we can ignore errors in the Normal approximation. 

There is no simple answer to the quest ion : 'how large is a large sample? ' .  I f  
we want a rough guide, we should b e  reasonably safe with inferences about 
means if the sample is greater than 100 for a single sample, or if both samples 
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Fig. 10.14 Difference between means over standard error for 750 samples from 
a skewed distribution, sample sizes 10 and 20 and sample sizes 33 and 67 .  
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are greater than 50 for two samples. We can see that the application of 
statistical methods is a matter of j udgment as well as knowledge. 

10A. Appendix 

Why the mean/standard error follows the t Distribution 

The t Distribution for the ratio 'mean over standard error' arises as follows . 
We know that x has a Normal Distribution with mean µ and variance u2/n. 
Hence (x - µ)/.J(a2/n) wil l be Normal with mean 0 and variance I .  The 
distribution of (n - l )s2/ a2 is Chi-squared with (n - I) degrees of freedom 
(Appendix 7 A). If we divide a Standard Normal variable by the square root 
of an independent Chi-squared variable over its degrees of freedom, we get 
the t Distribution : 

x - µ  
.Ju2/n 

. / (n - l )s2/ a2  
IJ n - I 

x - µ  
.J a2/ n 

fS2 IJ � 
x - µ  

x - µ � �2 52 
- x ­
n a2 

As if by magic, we have our sample mean over its standard error. We shall not 
bother to go into this detail for the other simi lar ratios which we shall 
encounter. Any Normally distributed quantity with mean zero (such as 
x - µ), divided by its standard error, will follow a t  Distribution provided the 
standard error is based on one sum of squares and hence is related to the Chi­
squared Distribution. 

Exercise 1 0M 

(Each branch is either true of false. )  

1 .  The paired t test is: 
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(a) impractical for large samples; 

(b) useful for the analysis of qualitative data; 

(c) suitable for very small samples ; 

(d) used for independent samples ; 

(e) based on the Normal Distribution . 

185 

2 .  Which of t h e  following conditions must b e  met for a valid t test between 

the means of two samples: 

(a) the numbers of observations must be the same in the two groups; 

(b) the standard deviations must be approximately the same in the two 
groups; 

(c) the means must be approximately equal in the two groups; 

(d) the observations must be from approximately Normal Distributions; 

(e) the samples must be small . 

3. In a two-sample clinical trial, one of the outcome measures was highly 

skewed. To test the difference between the levels of this measure in the 

two groups of patients, possible approaches include: 

(a) a standard t test using the observations; 

(b) a Normal approximation if the sample is large; 

(c) transforming the data to Normality and using a t  test; 

(d) a sign test; 

(e) the standard error of the difference between two proportions . 

4. In the two-sample t test, deviation from the Normal Distribution by the 

data may seriously affect the validity of the test if: 

(a) the sample sizes are equal ; 

(b) the distribution followed by the data is highly skewed; 

(c) one sample is much larger than the other; 

(d) both samples are large; 

(e) the data deviate from Normality because the measurement unit is large 
and only a few values are possible. 

5. If we take samples of size n from a Normal Distribution and calculate the 

sample mean x and variance s2:  

(a) samples with large values of x will tend to have large s2; 

(b) the sampling distribution of x will be Normal ; 
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(c) the sampling distribution of s2 will be related to the Chi-squared 
Distribution with (n - I )  degrees of freedom; 

(d) the ratio xl--i(s2/n) will be from a t  Distribution with (n - l) degrees of 
freedom; 

(e) the sampling distribution of s will be approximately Normal i f  n > 20. 

Exercise 1 0E 

Table I OE .  I shows the total static compliance of the respiratory system and 
the arterial oxygen tension (p.(02)) in I 6 patients in intensive care (Al-Saady, 
personal communication) . The patients' breathing was assisted by a 
respirator and the question was whether their respiration could be improved 
by varying the characteristics of the air flow. Table l OE . I compares a 
constant inspiratory flow waveform with a decelerating inspiratory flow 
waveform. In this exercise we shall examine the effect of waveform on P.(02) 
and compliance . 

Table lOE.1 .  p3(02) and compliance for two inspiratory flow 
waveforms 

P.(02) (kPa) Compliance (ml/cm 
Hp) 

Patient Constant Decelerating Constant Decelerating 

I 9 . l  10 .8 65.4 72.9 
2 5 .6  5 .9  73 .7 94.4 
3 6.7 7 .2 37.4 43 .3  
4 8. I 7 .9 26.3  29.0 
5 1 6 .2 1 7 .0 65.0 66.4 
6 I 1 .5 I l .6 35 .2  36.4 
7 7 .9  8 .4  24.7 27.7 
8 7 .2 1 0.0 23 .0 27.5 
9 1 7 . 7  22 .3  1 33 .2 1 78 .2  

I O  10 .5  I l .  I 38.4 39.3  
I l  9 .5  I I . I  29.2 3 1 .8 
1 2  1 3 . 7 l l .7 28.3 26.9 
1 3  9 .7  9.0 46.6 45 .0 
14  10 . 5  9 .9  6 1 . 5  58.2 
1 5  6.9 6.3 25 .7 25 . 7  
1 6  1 8 . l  1 3 .9 48. 7  42.3  

I .  Calculate the changes in p.(02) .  Find a stem and leaf plot . (Hint: you 
will need both a zero and a minus zero row) . Do the differences appear close 
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enough to the Normal Distribution to apply a t  Distribution method? I f  not , 
try a transformation. 

2 .  Calculate the mean, variance, standard deviation and standard error of 
the mean for the p.(02) differences . 

3 .  Calculate a 95 per cent confidence interval for the mean difference. Do 
you think there is any effect onp.(02)? 

4. As a check on the validity of the t method, plot the difference against 
the mean of p.(02) .  Do they appear to be related? 

5. Calculate the differences for compliance. Find a stem and leaf plot 
(only using the figures before the decimal point) and plot the difference 
against the IT'ean . 

6. Calculate mean, variance, standard deviation and standard error of the 
mean . 

7 .  Even though the compliance differences are far from a Normal 
Distribution, calculate the 95 per cent confidence interval using the 
t Distribution . We shall compare this with that for transformed data. 

8. Find the logarithms of the compliance and repeat step 5 .  Do the 
assumptions of the t Distribution method apply more closely? 

9. Calculate the 95 per cent confidence interval for the log difference and 
transform back to the original scale. What does this mean and how does it 
compare to that based on the untransformed data? 

10 .  What can be concluded about the effect of inspiratory waveform on 
p.(02) and compliance in intensive care patients? 



1 1 .  Regression and 
correlation 

1 1 . 1 .  Scatter diagrams 

In this chapter we shall look at methods of analysing the relationship between 
two quantitative variables . Consider Table I I .  I ,  which shows data collected 
by a group of medical students in a physiology class . Inspection of the data 
suggests that there may be some relationship between FEV I and height . 
Before trying to quantify this relationship, we can plot the data and get an 
idea of their nature. The usual first plot is a scatter diagram (Section 5 .7) .  
Which variable we choose for which axis depends on our ideas as to the 
underlying relationship between them, as discussed below . Figure I I .  I shows 
the scatter diagram for FEV I and height . 

I nspection of Fig. I I .  I suggests that FEV I increases with height . The next 
step is to try and draw a line which best represents the relationship .  The 
simplest line is a straight one; we shall consider more complicated relation­
ships later . 

The equation of a straight-line relationship between variables x and y is 
y = a + bx, where a and b are constants .  I n  coordinate geometry this is often 
written as y = mx + c, but in statistics a and b are conventional symbols for 
the.coefficients . The first, a, is called the intercept. It is the value of y when x 
is 0. The second, b, is called the slope or gradient of the line. Their geome-

Table 1 1 . 1 .  FEVl and height for 20 male medical students 

Height FEV I  Height FEY !  
(cm) (litre) (cm) (litre) 

1 74.0 4.32 1 67.0 3 .54 
180.7 4 .80 1 7 1 .2 3 .42 
1 83 . 7  4.68 1 77 .4 3 .60 
1 77 .0 5 .43 1 7 1 .3 3 .20 
177 .0 3 .09 1 83 .6 4.56 
1 72.0 3 .78 1 83 . 1  4.78 
1 76.0 3 .75 1 72.0 3 .60 
1 77 .0 4.05 1 8 1 .0 3 .96 
1 64.0 3 .54 1 70.4 3 . 1 9  
1 78 .0  2 .98 1 7 1 .2 2 . 85 
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Fig. 11 .1  Scatter diagram showing the relationship between FEVl and height 
for a group of male medical students. 

trical meaning is shown in Fig. 1 1 .2 .  We can find the values of a and b which 
best fit the data by regression analysis . 

1 1 .2.  Regression 

Regression is a method of estimating the numerical relationship between vari­
ables . For example, we would like to know what is the mean or expected 
FEY I for students of a given height , and what increase in FEY I is associated 
with a unit increase in height . 

The name ' regression' was given by Gal ton (1 886), who developed the tech­
nique to investigate the relationship between the heights of people and the 
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heights of their parents. He observed that if we choose a group of parents of a 
given height, the mean height of their children will be closer to the mean 
height of the population than is the given height . In other words, tall parents 
tend to be talfer than their children, short parents tend to be shorter. Galton 
termed this phenomenon 'regression ' ,  meaning 'going back' .  It is now called 
regression towards the mean . The method used to investigate it was called 
regression analysis and the name has stuck. However , in Galton's ter­
minology there was 'no regression' if the relationship between the variables 
was such that one predicted the other exactly; in modern terminology there is 
no regression if the variables are not related at all . We have a reversal of 
meaning. 

In regression problems we are interested in how changes in one variable are 
related to changes in another. In the case of FEVI and height , for example, 
we are concerned with how FEVI changes with height rather than how height 
changes with lung function . We have two kinds of variables : the predictor 
variable, in this case height, and the outcome variable which it predicts ,  in 
this case FEVI .  The predictor variable is often called the independent vari­
able and the outcome variable is called the dependent variable. However, 
these terms have other meanings in probability theory, already mentioned in 
Chapter 6 ,  so we shall not use them. I f  we denote the predictor variable by X 
and the outcome by Y, the relationship between them may be written as 

Y = a +  bX + E 

where a and b are constants and E is a random variable with mean 0, called 
the error, which represents that part of the variability of Y which is not 
explained by the relationship with X. If  the mean of E were not zero , we could 
make it so by changing a. 
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1 1 .3.  The method o f  least squares 

I f  the points all lay along a line and there is no random variation, it would be 
easy to draw a line on the scatter diagram (Fig. I I .3) . In Fig. I I .  I this is not 
the case. There are many possible values of a and b which could represent the 
data and we need a criterion for choosing the best line. 

Figure I I .4  shows the deviation of a point from the line, the distance from 
the point to the line in the Y direction . The line will fit the data well if the 
deviations from it are small, and will fit badly if they are large. These devia­
tions represent the error E, that part of the variable Y not explained by X. 
One solution to the problem of finding the best line is to choose that which 
leaves the minimum amount of the variability of Y unexplained, by making 
the variance of E a  minimum. This will be achieved by making the sum of 
squares of the deviations about the line a minimum. This is called the method 
of least squares and the line found is the least-squares line. 
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Fig. 1 1 .4 Deviations from the line in the y direction. 

The method of least squares is the best method if the deviations from the 
line are Normally distributed with uniform variance along the line. This is 
l ikely to be the case, as the regression tends to remove from Y the variability 
between subj ects and leave the measurement error, which is likely to be 
Normal . We observed the same process in the paired t method of Section 
1 0.2 .  We shall deal with deviations from this assumption later in the chapter. 

Many users of statistics are puzzled by the minimization of variation in one 
direction only. Usually both variables are measured with some error and yet 
we seem to ignore that in X. Why not minimize the perpendicular distances to 
the line rather than the vertical , as shown in Fig. 1 1 . 5?  There are two reasons 
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Fig. 11 .5  Deviations perpendicular to the line. 

for this . First , we are finding the relationship between the observed values of 
X and Y, not their ' true' values. The measurement error in both variables is 
one of the causes of deviations from the line, and is included in these devia­
tions measured in the Y direction. Secondly the line found in this way 
depends on the units in which the variables are measured. We need not 
burden the reader with the details of unsound methods of analysis; we need 
only to note that for the data of Table 1 1 . 1  the line found by this method is 

FEV l = - 9.33 + 0.075 x height 

If we measure height in metres instead of centimetres, we get 

FEV l = - 34.70 + 22.0 x height 

Thus by this method the predicted FEV 1 for a student of height 1 70 cm is 
3 .45 litres, but for a student of height 1 .70 m it is 2 .70 litres. This is clearly 
unsatisfactory and we shall not consider this approach further . 

Returning to Fig . 1 1 .4, the equation of the line which minimizes the sum of 
squared deviations from the line in the outcome variable is found quite easily. 
The derivation , which involves some simple calculus, is given in Appendix 
l l A. The solution is :  

b = L (X; - X) (Y; - y) 
L: (x; - .f)2 

LX;LY; LX;Y; -
n 

L:x 2 -
(L:x;)2 

I 
n 
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sum of products about the mean of X and Y 
sum of squares about the mean of X 

We then find the intercept a by 

a =  y - bx 

1 93 

Notice that the line has to go through the mean point, (x, j) . The sum of pro­
ducts about the mean is similar to the sum of squares about the mean derived 
in Section 4 .6 .  The second form, which is easier for calculator work, is found 
in the same way. We shall say more about the properties of the sum of pro­
ducts, as it is usually termed, when we discuss correlation. Fitting a straight 
line by this method is called simple linear regression. 

The equation Y = a + bX is called the regression equation of Y on X, Y 
being the outcome variable and Xthe predictor. The gradient, b, is also called 
the regression coefficient. We shall calculate it for the data of Table 1 1 . 1 .  We 
have 

LX; = 3507 . 6  
LY; = 77 . 1 2  

x =  3507.6/20 = 1 75 . 38 
j = 77 . 1 2/20 = 3 . 856 

LX;2 = 61 5739.24 
LY? = 306 . 8 1 34 

n = 20 
LX;Y; = 1 3568 . 1 8  

o;xy sum of squares X = LX;2 - --­
n 

3507 .62 
= 6 1  5739.24 - ---

20 
= 576.32 

(Ly;)2 
sum of squares Y = LY? -

--­n 
77 . 1 22 

= 306. 8 1 34 - 20 
= 9 .43868 

�X;LY; 
sum of products about mean = LX;Y; - ---

n 
3507 .6 x 77 . 1 2  

= 1 3568 . 1 8  - ------

20 
= 42. 8744 

We do not need the sum of squares for Y yet, but we shall later. 
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sum of products about the mean of X and Y 
b =------------------

sum of squares about the mean of X 

42. 8744 
576 .352 

= 0.074389 litre/cm 
a = f - bx 

= 3 . 856 - 0.074389 x 175 .38 
= - 9. 1 9  litre 

Hence the regression equation of FEY I on height is 

FEV l = - 9 . 1 9  + 0.0744 x height 

Figure 1 1 .6 shows the line drawn on the scatter diagram. The coefficients a 
and b have dimensions, depending on those of X and Y. I f  we change the 
units in which X and Y are measured we also change a and b, but we do not 
change the line. For example, if height is measured in metres we divide the X; 
by 1 00 and we find that b is multiplied by 1 00 to give b = 7 .4389 litre/m. The 
line is 

FEV l (litre) = - 9. 1 9 + 7 .44 x height (m) 

This is exactly the same line on the scatter diagram. 
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Fig. 11.6 The regression of FEVl on height. 

1 1 .4. The regression of X on Y 
What happens if we change our choice of outcome and predictor variables? 
The regression equation of height on FEVl is 
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height = 1 58  + 4.54 x FEV l 

This is not the same line as the regression of FEV 1 on height . For if we 
rearrange this equation by dividing each side by 4.54 we get 

0 .220 x height = 34.8 + FEVl 

or 

FEVl = - 34.8 + 0.220 x height 

The slope of the regression of height on FEV 1 is greater than that of FEV 1 on 
height (Fig . 1 1 .  7) .  In general , the slope of the regression of X on Y is greater 
than that of Y on X, when X is the horizontal axis .  Only if all the points lie 
exactly on a straight line are the two equations the same. This has implica­
tions for the choice of outcome variable, which we will consider later . 
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Fig. 11 .  7 The two regression lines. 

1 1 . 5 .  The standard error of the regression coefficient, b 
In any estimation procedure, we want to know how reliable our estimates are. 
We do this by finding their standard errors and hence confidence intervals . 
We can also test hypotheses about the coefficients, for example, the null 
hypothesis that b = 0 and there is no linear relationship .  The details are given 
in Appendix 1 l A.2 .  

We first find the sum of squares of the deviations from the line, that is ,  the 
difference between the observed Y; and the values predicted by the regression 
line. This is 
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L (y; - y)2 is of course the total sum of squares about the mean of Y; · The term 
b2 L (x; - x)2 is called the sum of squares due to the regression on X. The dif­
ference between them is the residual sum of squares or sum of squares about 
the regression.  The sum of squares due to the regression divided by the total 
sum of squares is called the proportion of variability explained by the 
regression. 

In order to estimate the variance we need the degrees of freedom with 
which to divide the sum of squares. We have estimated not one parameter 
from the data, as for the sum of squares about the mean (Section 4.6) , but 
two, a and b. We lose two degrees of freedom, leaving us with (n - 2). Hence 
the variance of Y about the line, called the residual variance, i 

For the FEY 1 data we have 

1 
S2 = 

20 - 2 
{9 .43868 - 0 .0743892 x 576.352} 

1 = - x 6 .2493 
1 8  

= 0.347 1 8  

The standard error o f  b i s  given by 

se(b) = � L (X;
s� x)2 

0.347 1 8  
576 .352 

= 0.02454 litre/cm 

Now, we have already assumed that the error E is Normally distributed , so 
b must be, too . The standard error is based on a single sum of squares, and we 
can see that b!se(b) is an observation from the t Distribution with (n - 2) 
degrees of freedom. Hence we can find a 95 per cent confidence interval for b 
by taking t standard errors on either side of the estimate . 

For the example, we have 1 8  degrees of freedom. From Table 1 0 . 1 ,  the 5 
per cent point of the t Distribution is 2 . 1 0, so the 95 per cent confidence 
interval for b is b ± t x Se(b...) 

0 .074389 - (2 . 1 0 x 0.02454) to 0 .074389 + (2 . 1 0 x 0.02454) = 0.022848 to 0. 1 2593 

or 0.02 to 0. 1 3  litre/cm, rounding off all the meaningless digits .  We can see 
that FEY 1 and height are related , though the slope is not very well estimated . 
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Alternatively, we can test the null hypothesis that b = 0 against the alterna­
tive that b is not equal to 0, a relationship in either direction . The test statistic 
is b/se(b) and if the null hypothesis is true this will be from a t  Distribution 
with (n - 2) degrees of freedom . 

For the example, 

b 
t = --

se(b) 

0.074389 
0.02454 

= 3 .03 

From Table 1 0. 1 this has two-tailed probability of less than 0.0 1 . The com­
puter tells us that the probability is about 0.007. Hence the data are incon­
sistent with the null hypothesis and the data provide fairly good evidence that 
a relationship exists. 

If the sample were much larger, we could dispense with the t Distribution 
and use the Standard Normal Distribution in its place. 

1 1 .6. Using the regression line for prediction 

We can use the regression equation to predict the mean or expected Y for 
any given value of X. This is called the regression estimate of Y. We can use 
this to say whether any individual has an observed Y greater or less than 
would be expected given X. For example, the predicted FEV l for students 
with height 1 77 cm is - 9. 1 9  + 0. 744 x 1 77 = 3 .98 litres . Three subjects 
had height 1 77 cm . The first had observed FEV l of 5 .43 litres , 1 .45 litres 
above that expected . The second had a rather low FEV l of 3 .09 litres, 
0 .89 litres below expectation, while the third with an FEV 1 of 4.05 litres was 
very close to that predicted. We can use this clinically to adjust a measured 
lung function for height and thus get a better idea of the patient ' s  status . 
We would,  of course, use a much larger sample to establish a precise esti­
mate of the regression equation. We can also use a variant of the method to 
adjust FEV l for height in comparing different groups, where we can both 
remove variation in FEV 1 due to variation in height and allow for differences 
in mean height between the groups. We may wish to do this to compare 
patients with respiratory disease on different therapies , or to compare sub­
jects exposed to different environmental factors, such as air pollution, 
cigarette smoking, etc. 

As with all sample estimates , the regression estimate is subject to sampling 
variation . We estimate its precision by standard error and confidence 
intervals in the usual way. The standard error of the expected Y for an 
observed value x is 
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� 2 [ 1 (x - x)2 J s .e .  = s - + -----
n � (x; - x)2 

We need not go into the algebraic details of this . It is very similar to that in the 
previous Section.  For x = 1 77 we have 

s .e .  = 0.347 1 8  [ ;
0 

+ 
( 1 77 - 1 75 . 38)2 ] 

576 . 352 
= 0. 1 38 

This gives a 95 per cent confidence interval of 3 .98 - (2 . 10 x 0. 1 38)  to 
3 .98 + (2. 1 0  x 0. 1 38) giving 3 .69 litres to 4.27 litres . Here 3 .98 is the estimate 
and 2 . 1 0  is the appropriate point of the t Distribution with (n - 2) = 1 8  
degrees o f  freedom. 

The standard error is a minimum at X = x, and increases as we move away 
from x in either direction . It can be useful to plot the standard error and 95 
per cent confidence interval about the line on the scatter diagram . Figure 1 1 . 8  
shows this for the FEV l  data. Notice that the lines diverge considerably a s  we 
reach the extremes of the data . It is very dangerous to extrapolace beyond the 
data. Not only do the standard errors become very wide, but we often have no 
reason to suppose that the straight-line relationship would persist if we could . 
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Fig. 1 1 .8 Confidence intervals for the regression estimate. 

The intercept a, the predicted value of Y when X = 0, is a special case of 
this . Clearly ,  we cannot actually have a medical student of height zero and 
with FEVl of - 9 . 1 9  litres. Figure 1 1 .9 shows the confidence interval for the 
regression estimate with a much smaller scale, to show the intercept. The 
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Fig. 11.9 Confidence intervals for the regression estimate, showing the 
intercept. 

confidence interval is very wide at height = 0, and this does not take account 
of any breakdown in linearity. 

We can also use the regre�sion equation of Y on X to predict X from Y. 
However, this is much less accurate than predicting Y from X. For example, 
if we use the regression of height on FEV 1 (Fig . 1 1 .  7) to predict the FEV 1 of 
subjects with height 1 77 cm, we get a prediction of 4.21 litres, with standard 
error 0.255 .  This is almost twice the standard error obtained from the regres­
sion of FEVl on height . Thus we can see that if in doubt about the choice of 
outcome and predictor variables, the outcome variable should be the one we 
wish to predict . Only if there is no possibility of deviations in the X direction 
fulfill ing the assumptions of Normality should we consider predicting X 
from Y. 

Rather than predict the expected Y for a given value of X, we may wish to 
predict the value of Y which we would observe for a given X. In other words, 
we may wish to use the value of Xfor a subject to estimate that subject 's value 
of Y, a calibration problem . The estimate is the same as the regression 
estimate, but the standard error is much greater 

s . e .  = . /s2 [ 1  + � + (x - x)2 ] 'V n l: (x; - x)2 

For a student with a height of 1 77 cm, the predicted FEV 1 is 3 .  98 litres, with 
standard error 0. 605 . Figure 1 1 . 1 0 shows the precision of the prediction of a 
further observation . As we might expect, the 95 per cent confidence intervals 
include all but one of the 20 observations. This is only going to be a useful 
prediction when the residual variance s2 is small .  
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Fig. 1 1 . 10 Confidence interval for a further observation. 

1 1 .  7. Analysis of residuals 

It is often very useful to examine the residuals, the differences between the 
observed and predicted Y. This is best done graphically. We can assess the 
assumption of Normality by looking at the histogram and frequency distribu­
tions. Figure 1 1 . 1 1  shows these for the FEVl data. The fit is not bad, though 
there is a suggestion that the distribution is slightly skew to the right. 
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Fig. 11.11 Distribution o f  residuals for the FEVl data. 

Figure 1 1 . 1 2 shows a plot of residuals against the predictor variable. This 
plot enables us to examine deviations from linearity. For example, if the true 
relationship were quadratic, so that Y·increases more and more rapidly as X 
increases , we should see that the residuals are related to X. Large and small X 
would tend to have positive residuals, whereas central values would have 
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Fig. 11 .12  Residuals against height for the FEV1 data. 

negative residuals . Figure 1 1 . 1 2  shows no relationship between the residuals 
and height, and the linear model seems to be an adequate fit to the data. 

Figure 1 1 . 1 2  shows something else, however . One point stands out as 
having a rather larger residual than the others . This may be an outlier, a point 
which may well come from a different population . It is often difficult to 
know what to do with such data . At least we have been warned to double­
check this point for transcription errors . It is all too easy to transpose adjoin­
ing digits when transferring data from one medium to another. This may 
have been the case here, as an FEVI of 4 .53 ,  rather than the 5 .43 recorded, 
would have been more in l ine with the rest of the data . If  this happened at the 
point of recording, there is not much we can do about it . We could try to mea­
sure the subject again ,  or exclude him and see whether this makes any differ­
ence. My own feeling is that, on the whole, we must work with all the data 
unless there are very good reasons for not doing so. I have accordingly 
retained this case here. 

1 1 .8.  Deviations from assumptions in regression 

Both the appropriateness of the method of least squares and the use of the t 
Distribution for confidence intervals and tests of significance depend on the 
assumption that the residuals are Normally distributed. This assumption is 
easily met, for the same reasons that it is in the paired t test. The removal of 
the variation due to X tends to remove some of the variation between indi­
viduals ,  leaving the measurement error . Problems can arise, however, and it 
is always a good idea to plot the original scatter diagram and the residuals to 
check that there are no gross departures from the assumptions of the method. 
Not only does this help preserve the validity of the statistical method used, 
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Fig. 11 .13 Data which do not meet the conditions of the method of least squares. 

but it may also help us learn more about the structure of the data. 
Figure 1 1 . 1 3  shows the relationship between gestational age and cord 

blood levels of A VP, the antidiuretic hormone, in a sample of male fetuses . 
The variability of the outcome variable A VP depends on the acrual value of 
the variable, being larger for large values of A VP. The assumptions of the 
method of least squares do not apply. However, we can use a transformation 
as we did for the comparison of means in Section 1 0. 5 .  Figure 1 1 . 1 4  shows the 
data after Y has been log transformed, together with the least-squares line. 
The transformed data appear quite suitable for least squares l inear 
regression . 

0. 
:>­
a: 

C1 
0 

_J 

-1 * 

50 100 150 200 250 300 
Gestationa l  a�e ( days ) 

Fig. 11.14 Data of Fig. 1 1 . 1 3  after logarithmic transformation. 
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1 1 .9.  Extensions of the regression method 

Often there are several predictor variables related to the outcome and we 
want to study the effects of all of them together .  In a study of factors 
influencing respiratory disease, we might wish to adjust the FEY I  for other 
things besides height : respiratory disease in infancy, say, or cigarette smok­
ing. We may wish to see whether differences in FEY 1 between, say, registrars 
and consultants, can be explained by the different age distributions of the 
groups . 

We do this by multiple regression, calculating the coefficients of regression 
equations like 

FEY I = a +  b x  height + c x age 

We can have as many predictors as we like, provided we have enough data 
to calculate the coefficients . The predictors do not have to be continuous. 
They can be discrete or qualitative. The formulae are complicated, but there 
are plenty of computer programs to do the job. We can also fit curves rather 
than straight lines. For example 

FEY I = a + b x height + c x height2 

enables us to fit a quadratic curve to our data . We can then see whether 
this fits better than the straight line. This method is called polynomial 
regression. 

We can fit similar linear expressions to many kinds of non-Normal data, 
too . The overall method is called the general linear model. The details are 
beyond the scope of this book, but the underlying principle is that of regres­
sion, whether the outcome variable is a binomial proportion or qualitative 
with several categories . 

1 1 . 10; Correlation 

The regression method tells us something about the nature of the relationship 
between two variables , how one changes with the other, but it does not tell us 
how close that relationship is. To do this we need a different coefficient, the 
correlation coefficient . The correlation coefficient is based on the sum of 
products about the mean of the two variables, so we shall start by considering 
the properties of the sum of products and why it is a good indicator of the 
closeness of the relationship . 

Take the scatter diagram of Fig. 1 1 . 1  and draw two new axes through the 
mean point (Fig. 1 1 . 1 5) .  The distances of the points from these axes repre­
sent the deviations from the mean . In the top right section of Fig. 1 1 . 1 5 ,  the 
deviations from the mean of both variables, FEY l  and height , are positive . 
Hence, their products will be positive. In the bottom left section, the 
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Fig. 11 .15 Scatter diagram with axes through the mean point. 

deviations from the mean of the two variables will both be negative. Again ,  
their product will be positive. In the top left section of Fig. 1 1 . 1 5 ,  the  devia­
tions of FEY 1 will be positive, and the deviation of height from its mean will 
be negative. The product of these will be negative. In the bottom right sec­
tion, the product will again be negative. So in Fig . 1 1 .  I 5 nearly all these pro­
ducts will be positive, and their sum will be positive. We say that there is a 
positive correlation between the two variables; as one increases so does the 
other. If one variable decreased as the other increased, we ould have a 
scatter diagram where most of the points lay in the top left and bottom right 
sections . In this case the sum of the products is negative and there is a negative 
correlation between the variables . When the two variables are not related, we 
have a scatter diagram with roughly the same number of points in each of the 
sections . In this case, there are as many positive as negative products , and the 
sum is zero. There is zero correlation or no correlation . The variables are said 
to be uncorrelated. 

The value of the sum of products depends on the units in which the two 
variables are measured. We can find a dimensionless coefficiem if we divide 
the sum of products by the square roots of the sums of squares of X and Y. 
This gives us the product moment correlation coefficient, or the correlation 
coefficient for short, usually denoted by r. 

If the pairs _of observations are denoted by X; and Y; , and there are n pairs, 
then r is given by 

l: (x; - x) (Y; - y) 
r = --:===========-

-J [2: (x; - .X)2] [2: (Y; - y)2] 

which may also be written 
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� [ LX/ -
(L:; )2 ] [LY/ -

(L�; )2 ] 
sum of products about the mean of X and Y 

sum of squares about the mean of X times sum of 
squares about the mean of Y 

For the FEY 1 and height we have 

42. 8744 
r = ---;:=======- = 0.58 

-J576 .352 x 9.43868 

205 

The effect of  dividing the sum of products by the root sum of squares of 
deviations of each variable is to make the correlation coefficient lie between 
- 1 .0 and + 1 .0 .  When all the points lie exactly on a straight line such that 
Yincreases as X increases , r = I .  For if Y = a + bX, the sum of products will 
be 

L (x; - x) (Y; - y) = L (x; - x) (a + bx; - a - bx) = L (x; - x) (bx; - bx) 
bL (X; - x)2 

The sum of squares for Y will be 

L (Y; - j1)2 = L (a + bx; - a - bx)2 
= L (bx; - bx)2 
= b2L (X; - x)2 

So for the correlation coefficient we have 

bL (X; - x)2 
r = �-;::====================-

-J [ L ( X; - x)2] [b2L (X; - x)2] 
bL (X; - x)2 
bL (X; - x)2 

1 

When all the points lie exactly on a straight line with negative slope, 
r = - I .  When there is no relationship at all, r = 0, because the sum of 
products is zero . The correlation coefficient describes the closeness of the 
relationship between two variables . It does not matter which variable we take 
to be Y and which to be X. There is no choice of predictor and outcome vari­
able, as there is in regression . 

The correlation coefficient measures how close the points are to a straight 
line. Even if there is a perfect mathematical relationship between X and Y, 
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the correlation coefficient will not be exactly I unless this is o f  the form 
Y = a + bX. For example, Fig. 1 1 . 1 6  shows two variables which are per­
fectly related but have r = 0.86. Figure 1 1 . 1 7 shows two variables which are 
clearly related but have zero correlation. This shows again the importance of 
plotting the data and not relying on summary statistics such as the correlation 
coefficient only. In practice, relationships like those of Fig. 1 1 . 1 6 and 1 1 . 1 7  
are rare i n  medical statistics, although the possibility is always there. We 
more often have so much random variation that it is not easy to discern any 
relationship at all .  

The correlation coefficient , r ,  i s  related to  the regression coefficient , b, in a 
simple way. I f  Y = a + bX is the regression of Y on X, and X = a' + b '  Y is 
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Fig. 11 .17 Variables which are related but have zero correlation. 
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the regression of X on Y, then r2 = bb ' .  This arises from the formulae 
for r and b. For the FEVl data, b = 0.074 389 and b' = 4.5424, so 
bb' = 0.074 389 x 4 .5424 = 0.33790, the square root of which is 0 .58 1 29, 
the correlation coefficient. We also have 

(sum of products about mean)2 
ri = ����������������� 

sum of  squares of X x sum of squares of Y 

(sum of products about mean)2 sum of squares of X 
(sum of squares of X)2 

b2 x sum of squares of X 
sum of squares of Y 

x 
sum of squares of Y 

This is the proportion of variability explained described in Section 1 1 . 5 .  

1 1 . 1 1 .  Confidence interval and significance test for the 
correlation coefficient 

The correlation coefficient is unusual among sample statistics in having a 
most awkward sampling distribution. Even when X and Y are both Normally 
distributed, r does not itself approach a Normal Distribution until the sample 
size is in the thousands. Furthermore, its distribution is rather sensitive to 
deviations from the Normal in X and Y. However, Fisher discovered a 
remarkable transformation called Fisher's z-transformation, which gives a 
Normally distributed variable whose mean and variance are known in terms 
of the population correlation coefficient which we wish to estimate. From 
this a confidence interval can be found. We will omit the details (see Snedecor 
and Cochran 1 980). For the FEVl data the 95 per cent confidence interval is 
0 . 1 9  to 0 . 8 1 .  This is very wide, reflecting the wide sampling variation which 
the correlation coefficient has for small samples. This means that correlation 
coefficients must be treated with some caution, especially when derived from 
small samples . 

When it comes to testing the null hypothesis that r = 0, or that there is no 
linear relationship, things are much simpler. The test is numerically equi­
valent to testing the null hypothesis that b = 0, and the test is valid provided 
at least one of the variables is from a Normal Distribution. This condition is 
the same as that for testing b, where the residuals in the Y direction must be 
Normal. If  b = 0, the residuals in the Y direction are simply the deviations 
from the mean, and these will only be Normally distributed if Yis .  If the con­
dition is not met, we can use one of the rank correlation methods described in 
Sections 1 2 .4  and 1 2 . 5 .  

Because the correlation coefficient does not depend on  the means o r  vari­
ances of the observations, the distribution of the sample correlation coeffi­
cient when the population coefficient is zero is easy to tabulate. Table 1 1 . 2  
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Table 11.2 .  Two-sided 5 per cent and 1 per cent points of the distri-
bution of the correlation coefficient, r, under the null hypothesis 

Degrees of freedom 5 %  1 %  Degrees of freedom 5 %  1 %  

I 1 .00 1 .00 2 1  0 .41  0.53 
2 0 .95 0 .99 22 0.40 0.52 
3 0.88 0 .96 23 0.40 0 .5 1 
4 0 .8 1  0.92 24 0.39 0.50 
5 0 .75 0.87 25 0 .38 0.49 
6 0 .7 1  0 .83 26 0.37 0.48 
7 0.67 0 .80 27 0.37 0.47 
8 0.63 0.77 28 0 .36 0.46 
9 0.60 0.74 29 0.36 0.46 

I O  0.58 0 .7 1  30  0 .35  0.45 
I I  0.55 0.68 40 0.30 0.39 
12 0 .53 0.66 50 0.27 0 .35  
13  0 .5 1 0.64 60 0.25 0 .33 
14  0.50 0.62 70 0.23 0.30 
1 5  0.48 0.61 80 0.22 0.28 
1 6  0.47 0.59 90 0 .21  0.27 
1 7  0.46 0.58 J OO 0.20 0.25 
1 8  0.44 0.56 200 0. 1 4  0. 1 8  
1 9  0.43 0.55 500 0.09 0 . 1 2  
20 0.42 0.54 1 000 0.06 0.08 

shows the correlation coefficient at the 5 per cent and 1 per cent level of 
significance for various degrees of freedom. As in regression, the degrees of 
freedom are (n - 2). For the example we have r = 0. 58 from 20 points, so we 
have 1 8  degrees of freedom. The 1 per cent point for 1 8  degrees of freedom is 
0.56, so we have p < 0.01 , and the correlation is unlikely to have arisen by 
chance. Note that the values of r which can arise by chance with small samples 
are quite high . With 10 points, 8 degrees of freedom,  r would have to be 
greater than 0 .63 to be significant . On the other hand with 1 000 points very 
small values of r, as low as 0 .06, will be significant . 

The ease of the significance test compared to the relative complexity of the 
confidence interval calculation has meant that in the past a significance test 
was usually given for the correlation coefficient. The increasing availability 
of computers with well-written statistical packages should lead to correlation 
coefficients appearing with confidence intervals in the future. 

1 1 . 1 2 .  Uses of the correlation coefficient 

The correlation coefficient has several uses . Using Table 1 1 . 2 ,  it provides a 
simple test of the null hypothesis that the variables are not Ii early related , 
with less calculation than the regression method . It is also useful as a 



Appendix 209 

summary statistic for the strength of relationship between two variables. This 
is of great value when we are considering the inter-relationships between a 
large number of variables . We can set up a square array of the correlations of 
each pair of variables . This is called the correlation matrix. Examination of 
the correlation matrix can be very instructive, but we must bear in mind the 
possibility of non linear relationships. There is no substitute for plotting the 
data. The correlation matrix also provides the starting point for a number of 
methods for dealing with a large number of variables simultaneously. We will 
not discuss these further. 

Of course , for the reasons discussed in Chapter 3 ,  the fact that two vari­
ables are correlated does not mean that one causes the other. 

1 1A. Appendix 

1 lA. 1 .  Derivation of the least-squares equation 

This section requires knowledge of calculus. We want to find a and b so that 
the sum of squares about the line y = a +  bx is a minimum. We therefore 
want to minimize l: (y; - a - bx;)2 . This will have a minimum when the 
partial differentials with respect to a and b are both zero . 

a 
l: (Y; - a - bx;)2 = l:2(y; - a - bx;) ( - I )  

aa 
- 2l:y; + 2al: I + 2bl:x; 
- 2l:y; + 2an + 2bl:x; 

This must equal 0 so LY; = na + bl:x; 

a 
ab 

l: (y; - a - bx;)2 = l:2(y; - a - bx;) ( -x;) = - 2l:X;Y; + 2al:x; + 2bl:x? 

This must equal 0 so l:x;Y; = al:x; + bl:x? 
1 

We multiply the first equation by l:x; 
n 

1 b 
- l:x;LY; = al:x; + - (l:x;)2 n n 

Subtracting this from the second equation we get 

1 b 
l:X;Y; - - LX;l:Y; = bl:x? - - (l:x;)2 n n 
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This gives us  
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b = 
LX2 - (LX;)2 

I n 

If we divide the first equation by n we get the formula for a 

LY; = na + bLX; 
1 b 

- LY = a + - Lx. 
n ' n ' 

a = .Y - bx 

Hence the l ine passes through the mean point . 

1 1A. 2 .  The standard error of b and the variance about the 

line 

To find the standard error of b, we must bear in mind that in our regression 
model all the random variation is in Y. We first rewrite the sum of products :  

L (X; - x) (Y; - y) = L { (x; - x)y; - (X; - x)y} 
= L (X; - X)Y; - L (X; - x)y 
= L (x; - x)y; - fL (x; - x) 
= L (X; - x)y; 

This is because y is the same for all i and so comes out of the summation, and 
L (X; - x) = 0. We now find the variance of the sampling distribution of b by [ L (X; - x) (Y; - y) ] 

Var (b) = Var 
L (X; - x)2 [ L (X; - x)y; ] 

= Var L (X; ·- x)2 

The variance of a constant times a random variable is the square of the con­
.stant times the variance of the random variable (Section 6.6) .  The X; are 
constants , not random variables. So 

1 
Var (b) = 

[L (X; _ x)2] 2 
L (X; - x)2Var (y;) 

Var (Y;) is the same for all Y;, say Var (y;) = s2 • Hence 
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s2 
Var (b) = 

2 L (X; - x) 

2 1 1  

The standard error o f  b is the square root o f  this. Next we find s2• The regres­
sion model is Y = a + bX + E, and a and b are constants. We are predicting 
Y for given X, so there is no random variation in X; all the random variation 
is in E. Hence s2 = Var ( Y) = Var (E) .  We have seen in Section 1 1 . 3 that the 
error E is the random variable which stands for the deviations from the line in 
the Y direction . These deviations are Y; - (a + bx;) ,  since a + bx; is the y 
value for the line at x = X;. The sum of squares of these deviations is found by 
a mathematical tr ick, replacing a by j - bx. 

L [Y; - (a + bx;)]2 = L [Y; - (j - bx + bx;)] 2 
= L [Y; - J - (bx; - bx)J2 
= L [Y; - j - b (x; - x)]2 
= L [(Y; - j)2 - 2b (y; - j) (X; - x) + b2 (X; - x)2] 
= L (Y; - j)2 - 2b L (Y; - j) (x; - x) + b2L (X; - x)2 
= L (Y; - J)2 - 2b x b L (X; - x)2 + b2L (X; - .X)2 
= L (Y; - j)2 - b2L (X; - x)2 

This is because 

So 

Exercise 1 1M 

b = 
L (Y; - j) (x; - x) 

L (X; - x)2 

(Each branch is either true or false.) 

1. The product moment correlation coefficient, r: 

(a) must lie between - 1 and + 1 ;  

(b) can only have a valid significance test carried out when at least one of the 
variables is from a Normal Distribution; 

(c) is half when there is no relationship ;  

(d) depends on the choice of dependent variables; 
(e) measures the magnitude of the change in one variable associated with a 

change in the other. 
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2. A simple linear regression equation: 

(a) describes a line which goes through the origin; 

(b) describes a line with zero slope; 

(c) is not affected by changes of scale; 

(d) describes a line which goes through the mean point; 

(e) is affected by the choice of dependent variable. 

3.  If a t  test is used to test the significance of the slope of a regression line: 

(a) deviations from the line in the independent variable must follow a 
Normal Distribution; 

(b) deviations from the line in the dependent variable must follow a Normal 
Distribution; 

(c) the variance about the line is assumed to be the same throughout the 
range of the predictor variable; 

(d) the y variable must be log transformed; 

(e) all the points must lie on the line. 

4. In Fig. l lM. 1 :  
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Fig. 11M.1 A scatter diagram. 

(a) x and y are independent ; 

(b) x and y are uncorrelated ; 

C" 
·-' 10 15 20 

(c) the correlation between x and y is less than 1 ;  

(d) x and y are perfectly related; 

(e) the relationship is best estimated by simple linear regression . 
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5.  In Fig. l lM.2: 

(a) x and y are independent random variables ; 

(b) x and y are uncorrelated; 

(c) y increases as x increases; 

(d) x and y are linearly related; 

2 1 3  

(e) the relationship between x and y could be  studied by  polynomial 
regression . 

0. 5 

0. 4 

0. 1 

0 

* 
* * 

0 1 

Fig. 11M.2 A scatter diagram. 
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Figure I IE .  I shows scatter diagrams and summary statistics for PEFR and 
height measured in a group of medical students. There appears to be a rela­
tionship between height and PEFR and a difference in both height and PEFR 
between the sexes .  We shall use regression to examine whether the greater 
PEFR of males is explained by their greater height or whether there is a differ­
ence in PEFR quite apart from that produced by height . 

We shall fit the regression line of PEFR on height for females , for males 
and for both together. If there is no difference in PEFR apart from that due 
to height then the three lines will be the same, except for random variation 
(Fig . I IE . 2(a)) .  If males have a higher PEFR than females of the same height 
then the slope for the combined gi;oup will be greater than those for the two 
sexes separately (Fig . I I E .2(b)) . If males have a lower PEFR than females of 
the same height then the slope for the combined group will be less than those 
for the sexes separately. 
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SUMMARY STAT I ST I C S  

He i gh t  PEFR 

NUMBER 43 43 
MEAN 1 65 .  93720 9 474 . 0 69768 
MEDI AN 1 66 475 
M I N I MUM 1 55 360 
MAX I MUM 1 80 . 6 595 

VARI ANCE 34 . 3952492 2 40 7 . 32502 

ST . DEV . 5 . 8647463 4 9 . 0 64 4 986 

S .  E. MEAN . 894365427 7 .  4822658.8 

SUM OF SQS 1 44 4 . 60 047 1 0 1 1 0 7 . 65 1  

SUM OF PRODUCTS 420 6 . 94837 

SUMMARY STAT J ST J CS 

He i gh t  PEFR 

NUMBER 58 

MEAN 1 77 .  303448 

M E D J A N  1 77 . 2  

M I N I MUM 1 6 4  

MAX I MUM 1 90 

VAR I ANCE 39 . 7806897 
ST . DEV . 6 . 30 7 1 9349 

S . E .  MEAN . 82 8 1 75079 

SUM OF SOS 2267 . 4993 1 

SUM OF PRODUCTS 8993 

SUMMARY STAT J ST J CS 

36 

58 

568 . 2  

5 5 1  . 5  
430 
792 

3980 . 24 3 1 5  

63 . 089 1 683 
8 . 2840 1 36 4  

226873 . 86 

He i gh t  PEFR 

NUMBER 1 0 1  1 0 1  

MEAN 1 7 2 . 464356 528 . 1 2 4753 

MED I AN 1 72 530 

M J N  ! MUM 1 5 5  360 

MAX J MUM 1 90 792 

VAR I ANCE 69 . 0223 1 72 5467 . 74469 
ST . DEV . 8 . 30796709 73 . 944 1 999 
S . E .  MEAN . 826673623 7 . 35772289 

SUM OF SOS 690 2 . 23 1 72 54677 4 . 469 
SUM OF PRODUCTS 3 96 1 9 . 58 9 1  

Fig. 1 1E.1 PEFR (litre/min) and height (cm) for a group of medical .students. 
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Fig. 1 1E.2 Hypothetical regressions of PEF on height for three possible sex 
effects. 

I .  From the means and sums of squares and products about the mean 
given, calculate the slope and intercept for each set of data. 

2 .  Does the difference in PEFR between males and females appear to be 
explained by the difference in height? 

3 .  For males and for females , calculate the correlation coefficient between 
PEFR and height . 

4. I f  the relationship between PEFR and height is the same for males and 
females, why should the correlation coefficients be different? 



1 2 .  Methods based on rank 
order 

1 2 . 1 .  Non-parametric methods 

In  Chapters 1 0  and 1 1  we described a number of methods of analysis which 
relied on the assumption that the data came from a Normal Di tribution. To 
be more precise, we could say the data come from one of the Normal family 
of distributions , the particular Normal Distribution involved being defined 
by its mean and standard deviation, the parameters of the distribution.  In  
these methods we estimate the parameters of the underlying Normal 
Distribution. 

Methods which do not assume a particular family of distributions for the 
data are said to be non-parametric. The t Distribution methods in Chapter I O  
and regression and correlation i n  Chapter 1 1  are parametric methods, 
because the data are assumed to come from the family of Normal Distribu­
tions . The parameters are the mean and standard deviation of the particular 
Normal Distribution which the data follow. In this and the next chapter we 
shall consider some non-parametric tests of significance. There are many 
others , but these will il lustrate the general principle. 

We have already met one non-parametric test, the sign test (Section 9.2) .  
The large-sample Normal test could also be regarded as non-parametric .  

It is useful to distinguish between three types of measurement scales : 
(a) Interval scale This means that the size of the difference between two 

values on the scale has a meaning. For example, the difference in temperature 
between 1 °C and 2 °C is the same as the difference between 3 1  °C and 
32 °C.  

(b) Ordinal scale Observations are ordered, but  differences may not 
have a meaning. For example, anxiety and neuroticism are often measured 
using sets of questions, the number of positive answers giving the anxiety 
scale. A set of 36 questions would give a scale from 0 to 36. The difference in 
anxiety between scores of 1 and 2 i s  not necessarily the same a the difference 
between scores 3 1  and 32 .  

(c) Nominal scale We have a qualitative or categorical variable, where 
individuals are grouped but not necessarily ordered. Eye colour is a good 
example. 
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There are intermediate cases, such as nominal scales with ordered cate­
gories , but these will suffice for our purposes. All the methods of Chapters 1 O 

and 1 1  apply to interval data , being based on differences of observations 
from the mean. The methods in this chapter apply to ordinal data. Any 
interval scale which does not meet the requirements of Chapters I O  and 1 1  
may be treated as ordinal , since it is, of course, ordered. This is the more com­
mon application in medical work . 

General texts such as Armitage ( 1973), Snedecor and Cochran ( 1 980) and 
Colton ( 1 974) tend not to go into a lot of detail about rank and related 
methods. A handbook unsurpassed for clarity and ease of use is Seigel ( 1 956), 
which is highly recommended. For a more up-to-date account ,  try Conover 
( 1 980) . 

1 2 . 2 .  The Mann-Whitney U test 

This is the non-parametric equivalent of the two sample t test (Section 1 0.3 ) .  
It works like this . Suppose we have anxiety scores on a 37-point scale, 0 to 36 ,  
obtained from two groups of individuals (hypothetical data) : 

A 
B 

7 
1 1  

4 
6 

9 
2 1  

1 7  
1 4  

We want to  know whether there i s  any evidence that A and B are 
drawn from populations with different levels of anxiety. The null hypothesis 
is that there is no tendency for members of one population to exceed members 
of the other. The alternative is that there is such a tendency, in either 
direction. 

First we arrange the observations in ascending order, i . e .  we rank 
them: 

4 
A 

6 
B 

7 
A 

9 
A 

1 1  
B 

14  
B 

1 7  
A 

2 1  
B 

We now choose one group, say A. For each A, we count how many Bs pre­
cede i t .  For the first A, 4, no Bs precede. For the second ,  7, one B precedes, 
for the third A, 9, one B, for the fourth, 1 7 , three Bs. We add these numbers 
of preceding Bs together: 

U = 0 + 1 + 1 + 3 = 5  

Now, if  U is very small, nearly all the As are less than nearly all the Bs. I f  U 
is large, nearly all As are greater than nearly all Bs . Moderate values of U 
mean that As and Bs are closely mixed. Consider two further samples : 

c 
D 

2 
26 

3 
30 

3 
1 9  

5 
25 
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For A and C we have: 

2 
c 

3 
c 

3 
c 

4 
A 

5 
c 

7 
A 

Counting Cs for each A, we have: 

u = 3 + 4 + 4 + 4 = 1 5  

9 
A 

1 7  
A 

The value of U is large; A and C appear different . For A and D we have : 

4 
A 

Here we have: 

7 
A 

9 
A 

1 7  
A 

1 9  
D 

25 
D 

U = 0 + 0 + 0 + 0 = 0  

26 
D 

The value of U is very small; A and D appear different . 

30 
D 

Now, i f  we know the distribution of U under the null h pothesis that 
the samples come from the same population, we can say with what prob­
ability these data could have arisen if there were no difference. We can 
carry out the test of significance. The distribution of U under the null 
hypothesis can be found easily. The two sets of four observations can 
be arranged in 70 different ways , from AAAABBBB to BBBBAAAA. 
Under the null hypothesis these arrangements are all equa y likely and, 
hence, have probability 1 /70. Each has its value of U, from 0 to 1 6 , and by 
counting the number of arrangements which give each value of U, we can 
find the probability of U. For example, U = 0 only arises from the order 
AAAABBBB and so has probability 1 170 = 0 .014 .  The result U = 1 
only arises from AAABABBB and so has probability 1 /70 = 0 .0 14 also . 
The result U = 2 can arise in two ways : AAABBABB and AABAABBB. 
I t  has probability 2/70 = 0.029. The full set of probabilities is shown in  
Table 12 . 1 .  

Table 12.1. Distribution of the Mann-Whitney U statistic, for two samples 
of size 4 

u probability u probability 

0 0 .014 9 0 . 1 00 
1 0 .0 14  10  0 . 1 00 
2 0.029 I I  0.071 
3 0.043 1 2  0.07 1 
4 0.07 1 1 3  0.043 
5 0.07 1 1 4  0.029 
6 0 . 1 00 1 5  0.014 
7 0. 1 00 1 6  0.0 1 4  
8 0. 1 1 4 
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We apply this to our three examples . For A and B, U = 5 and the prob­
ability of this is 0 .07 1 . As we did for the sign test (Section 8 .2) we consider the 
probability of more extreme values of U, U = 5 or less, which is 0.07 I + 
0.07 1  + 0.043 + 0.029 + 0.0 14  + 0 .014 = 0.242. This gives a one-sided 
test. For a two-sided test, we must consider the probabilities of a difference as 
extreme in the opposite direction . We can see from Table 1 2 . 1 that the distri­
bution of U is symmetrical , so the probability of an equally extreme value in 
the opposite direction is also 0.242, hence the two sided probability is 0.242 
+ 0.242 = 0.484. This is clearly likely to have happened by chance and so the 
two samples could have come from the same population . 

For A and C,  U = 1 5 ,  probability U ;::::: 1 5  is 0 .0 14  + 0 .0 14  = 0 .028, and 
for a two-sided test 0.028 + 0 .028 = 0 .056 .  By the usual criterion, we would 
just accept the null hypothesis . For A and D, U = 0, probability U � 0 is 
0.014 ,  for a two-sided test we have 0 .014 + 0 .0 14  = 0.028 which is signifi­
cant at the 0 .05 level . With such small samples, of course, only the most 
extreme outcomes are unlikely to happen by chance. 

We shall now consider the Mann-Whitney U �est in practice. There is no 
need to carry out the summation of probabilities described above, as these are 
already tabulated . Table 1 2 .2  shows the 5 per cent points of U for each com­
bination of sample sizes n1 and n2 up to 20. 

For our groups A and B, U = 5, we turn to the n2 = 4 section, and find the 
n 1  = 4 column. From this we see that the 5 per cent point for U is 0, and so 
U = 5 is not significant. 

For groups A and C we have a problem. U = 1 5  is an extreme value, but 
only low values of U are tabulated. Note that the maximum size of U is 1 6 :  

C C C C A A A A  
u = 4 + 4 + 4 + 4 = 1 6  

o r ,  i n  general, n 1  x n2• We can see this i f  we consider the extreme arrange­
ment where all n1 Cs are less than all n2 As: 

Each A has n 1  Cs before it so U is given by: 

As the distribution is symmetrical , the probability that U ;::::: r = prob­
ability that (n 1  n2 - U) � n 1  n2 - r, which is tabulated. The two possible 
values of U are related by U + U' = n 1  n2 • So we subtract U from n 1 n2 to give 
16 - 1 5 = 1 .  We see that the probability is just over 5 per cent. For A and D,  
U = 0, and this i s  significant a t  the 5 per cent level .  



N 
N 
0 

Table 12.2. Two-sided 5 per cent points for the distribution of U, lower value, in the Mann-Whitney U 
test 
-

ni 
n ,  2 3 4 5 6 7 8 9 J O  I I  1 2  I 3  1 4  I 5  1 6  I 7  I 8  1 9  20 

2 - - - - - 0 0 0 0 I I I I I 2 2 2 2 
3 - - 0 I I 2 2 3 3 4 4 5 5 6 6 7 7 8 $; 
4 0 I 2 3 4 4 5 6 7 8 9 1 0  1 1  I I  1 2  1 3  1 3  

co - :;. 
5 0 I 2 3 5 6 7 8 9 I I  1 2  1 3  I 4  1 5  I 7  I 8  I 9  20 0 
6 I 2 3 5 6 8 J O  I I  1 3  1 4  I 6  I 7  1 9  2 I  22 24 25 27 

0.. - C/) 
7 I 3 5 6 8 J O  1 2  I 4  1 6  1 8  20 22 24 26 28 30 32 34 O" 0 
8 0 2 4 6 8 I O  I 3  I 5  1 7  1 9  22 24 26 29 3 I  34 36 3 8  4 1  C/) 
9 0 2 4 7 I O  I 2  I 5  1 7  20 23 26 34 39 42 45 48 

co 
28 3 1  37  0.. 

IO  0 3 5 8 I I  14  17  20 23 26 29 33 36 39 42 45 48 52 55 0 
::i 

I I  0 3 6 9 1 3  1 6  1 9  23 26 30 33 37 40 44 47 5 1  55 58 62 ..., 
1 2  I 4 7 I I  I 4  1 8  22 26 29 33 37 4 1  45  49 53  57  6 1  65 69 0 ::i 
1 3  I 4 8 1 2  1 6  20 24 28 3 3  3 7  4 1  45 50 54 59 63 67 72 76 :>;-
I4  I 5 9 1 3  1 7  22 26 3 1  3 6  40 45 50 55 59 64 67 74 78 83 0 ..., 
I 5  I 5 1 0  1 4  1 9  24 29 34 39 44 49 54 59 64 70 75 80 85 90 0.. co 
I6 I 6 I I  1 5  2 1  26 3 I  37 42 47 53 59 64 70 75 8 1  86 92 98 ..., 
1 7  2 6 1 1  1 7  22 28 34 39 45 5 I  57 63 67 75 8 1  87 93 99 1 05 
1 8  2 7 1 2  1 8  24 30 36 42 48 55 61 67 74 80 86 93 99 1 06 I 1 2  
1 9  2 7 1 3  1 9  25 32 38 45 52 58 65 72 78 85 92 99 1 06 I 1 3  1 1 9 
20 2 8 1 3  20 27 34 4 1  48 55 62 69 76 83 90 98 1 05 1 1 2 1 1 9 1 27 

If U is less than or equal to the 1abu l<1ted value the di fference is significant. 
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Table 12.3. Biceps skinfold thickness (mm] in two groups of patients 

Crohn's disease Coeliac disease 

1 .8 4.2 1 . 8 
2 .2 4.4 2.0 
2.4 4 .8  2.0 
2.5 5 .6 2 .0 
2 .8  6 .0 3 .0 
2 .8  6 .2  3 .8  
3 .2 6.6 4.2 
3 .6 7 .0 5 .4 
3 . 8  1 0.0 7 .6  
4.0 1 0.4 

2 2 1  

We can now turn to  the practical analysis of  some real data. Consider the 
biceps skinfold thickness data of Table 1 0.4, reproduced as Table 1 2 . 3 .  We 
will analyse this using the Mann-Whitney U test. Denote the Crohn 's disease 
group by A and the coeliac group by B. The joint order is as follows : 

1 . 8 1 .8 2 . 0  2.0 2.0 2 .2 2 .4 2 . 5  2 . 8  2 . 8  
A B B B B A A A A A 
� � � 

3 . 0  3 . 2  3 . 6  3 . 8  3 . 8  4.0 4.2 4 .2 4 .4 4 .8  
B A A A B A A B A A 

'-v-' � 
5 . 4  5 . 6  6.0 6 .2  6 .6 7.0 7 .6 1 0.0  10 .4  
B A A A A A B A A 

Let us count the As before each B .  Immediately we have a problem. The 
;_;rst A and the first B have the same value. Does the first A come before the 
first B or after it? We resolve this dilemma by counting f for the tied A .  
The ties between the second , third and fourth Bs  do  not matter, a s  we  can 
count the number of As before each without difficulty. We have for the U 
statistic :  

U = f + I + I + I + 6 + 8f + ! Of + 1 3  + 18 = 59f 

This is the lower value, since n1 n2 = 9 x 20 = 1 80 and so the middle value is 
90. We can therefore refer it to Table 12 .2 . The critical value at the 5 per cent 
level is for groups size 9 and 20 is 48, which our value exceeds . Hence the dif­
ference is not significant at the 5 per cent level and the data are consistent with 
the null hypothesis that there is no tendency for members of one population 
to exceed members of the other. This is the same as the result of the t test of 
Section 1 0 .4. 

For larger values of n 1  and n 2 ,  calculation of U can be rather tedious. A 
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simple formula for U can be found using the ranks. The rank of the lowest 
observation is 1 ,  of the next is 2, and so on. If a number of observations are 
tied, each having the same value and hence the same rank, we give each the 
average of the ranks they would have were they ordered . For example, in the 
skinfold data the first two observations are each 1 . 8 .  They each receive rank 
(1 + 2)/2 = 1 f. The third, fourth and fifth are tied at 2 .0 ,  giving each of them 
rank (3 + 4 + 5)/3 = 4 .  The sixth, 2 .2 ,  is not tied and so has rank 6.  

The ranks for the skinfold data are as follows: 

skin fold 1 . 8 1 .8 2 .0 2.0 2 .0 2 .2 2 .4 2 . 5  2 . 8  2 . 8  
group A B B B B A A A A A 
rank I f 1 1-2 4 4 4 6 7 8 9f 9f 

r1 ,. 2 ,. 3 ,. 4 

skinfold 3 . 0  3 . 2  3 . 6  3 . 8  3 . 8  4 .0 4 .2  4 .2 4 .4 4 .8 
group B A A A B A A B A A 
rank 1 1  1 2  1 3  1 4f 1 4f 1 6  1 7f 1 7f 1 9  20 

,. 5 r 6 1"7 

skin fold 5 . 4  5 . 6  6 .0  6 . 2  6.6 7 .0 7 . 6  1 0. 0  1 0 .4  
group B A A A A A B A A 
rank 2 1  22 23 24 2 2 27 28 29 

,. 8 ,. 9 

We denote the ranks of one group by r1 , r2, • . •  , r,, , . The number of As pre-
ceding the first B must be (r1 - 1 ) ,  since there are no Bs before it and it is the 
r1 th observation. The number of As preceding the second B is (r� - 2), since it 
is the r2 th observation, and one preceding observation is a B. Similarly, the 
number preceding the third B is (r3 - 3), and the number preceding the ith B is 
(r; - i ) .  Hence we have : 

"• 

U =  2: (r; - i) 
i = I  

"• " •  

2: ,.. -I 2: 
i :: l i= I 

"• 
n 1  (n 1  + 1 )  2: ,.. -I 2 i= I 

That is , we add together the ranks of all the n 1  observarions , subtract 
n1 (n 1  + 1 )/2 and we have U. For the example, we have 

I I I 9 (9 + 1 )  
U =  1 2 + 4 + 4 + 4 +  1 1 + 1 42 + 1 72 + 2 1 + 27 -

2 
1 04f - 45 = 59f 

as before. 
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This formula is sometimes written 

But this is simply based on the other group, since U + U' = n, n2 • For testing 
we use the smaller value, as before. 

As n, and n2 i ncrease, the calculation of the exact probability distribution 
becomes more difficult . When we cannot use Table 1 2 .2 ,  we use a large­
sample approximation instead . Because U is found by adding together a 
number of independent, identically distributed random variables , the central 
limit theorem (Section 7 .2) applies . The distribution of U approximates to a 
Normal Distribution .  The mean is ±n ,  n2 and the standard deviation is 

Hence 

is an observation from a Standard Normal Distribution. For the example, 
n, = 9 and n2 = 20, we have 

and 

n 1 n2 9 x 20 -- = = 90 
2 2 

= . f 9 x 20 x 30 
'V 1 2  = .J450 = 2 1 .2 1  

59.5 - 90 
2 1 . 2 1  

- 1 .44 

This gives a two-sided probability from Table 7 . 1  of 0 . 1 5 ,  which we can com­
pare with 0 .2 1  for the two sample t test on the untransformed data and 0 . 1 5  
for the log-transformed data. 

Neither Table 1 2 .2  nor the above formula for standard deviation take ties 
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into account; both assume the data can be fully ranked. Their use for data 
with ties is an approximation . For small samples we must accept this. For the 
Normal approximation there is a truly daunting formula which takes this into 
account (see Seigel 1 956). Thus the Mann-Whitney U test is not free of 
assumptions which may be violated. We assume that the data can be fully 
ordered, which in the case of ties is not so. 

The Mann-Whitney U test is a non-parametric equivalent of the two­
sample t test. The advantage over the t test is that the only assumption about 
the distribution of the data is that the observations can be ranked, whereas 
for the t test we must assume the data are from Normal Distributions with 
uniform variance. There are three disadvantages. For data which are 
Normally distributed, the U test is less powerful than the t test, i.e. the t test, 
when valid, can detect smaller differences for given sample size. However, 
the U test is almost as powerful for moderate and large sample sizes, and 
usually this difference is not important . The U test gives no idea of the size of 
the difference. I t  is purely a test of significance. The t test also enables us to 
estimate the size of the difference and give confidence intervals .  

There are other non-parametric tests which test the same or  similar null 
hypotheses . Two of these, the Wilcoxon two-sample test and the Kendall tau 
test, are different versions of the Mann-Whitney U test which were 
developed around the same time and later shown to be identical. 

1 2 . 3 .  The Wilcoxon matched-pairs test 

This test is an equivalent of the paired t test. We have a sample measured 
under two conditions and the null hypothesis is that there is no tendency for 

Table 12.4. Results of a trial of pronethalol for 
the prevention of angina pectoris, (Pritchard et 
al. 1963} 

Number of attacks while on 
Difference 

Placebo Pronethalol Placebo - Pronethalol 

7 1  29 42 
323 348 - 25 

8 1 7 
1 4  7 7 
23 16 7 
34 25 9 
79 65 14  
60 4 1  1 9  

2 0 2 
3 0 3 

1 7  1 5  2 
7 2 5 
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the outcome on one condition to be higher or lower than the other. The 
alternative hypothesis is that the outcome on one condition tends to be higher 
or lower than the other. 

Consider the data of Table 1 2 .4, previously discussed in Sections 2 .4  and 
8 .2 ,  where we used the sign test for the analysis .  In the sign test, we have 
ignored the magnitude of differences, and only considered their signs . If we 
can use information about the magnitude, we would hope to have a more 
powerful test . To avoid making assumptions about the distribution of 
the differences, we use their rank order in a similar manner to the 
Mann-Whitney U test . 

First , we rank the differences by their absolute values, i . e .  ignoring the 
sign . From the data of Table 1 2 .4 we have: 

difference 2 2 3 5 7 7 7 9 1 4  1 9  - 25 42 
rank i .!. 2 1 .!. 2 3 4 6 6 6 8 9 1 0  1 1  1 2  

ranks of + ve 
differences 1 .!. 2 i .!. 2 3 4 6 6 6 8 9 1 0  1 2  

ranks o f  - ve 
differences 1 1  

We now sum the ranks of the positive differences, 1 i + 1 i + 3 + 4 + 6 + 6 
+ 6 + 8 + 9 + 1 0  + 1 2  = 67,  and the ranks of the negative differences , 1 1 .  
If  the null hypothesis were true and there was no difference, we would expect 
the rank sums for positive and negative differences to be about the same, 
equal to 39 (their average) . The test statistiC is the lesser of these sums, T. The 
smaller T is ,  the lower the probability of the data arising by chance . 

The distribution of T when the null hypothesis is true can be found by 
enumerating all the possibilities , as described for the Mann-Whitney U 
statistic. Table 1 2 . 5  gives the 5 per cent and 1 per cent points for this distribu­
tion, for sample size N up to 25 . For the example, N = 12 and so the differ­
ence would be significant at the 5 per cent level if Twere less than or equal to 
1 4 .  We have T = 1 1 ,  so the data are not consistent with the null hypothesis .  
The data support the view that there is a real tendency for patients to have 
fewer attacks while on the active treatment. 

From Table 1 2 . 5 ,  we can see that the probability (T < 1 1 ) lies between 0.05 
and 0 .0 1 . This is greater than the probability given by the sign test , which was 
0.006 (Section 9.2) .  This is surprising, as we would expect greater power, and 
hence lower probabilities when the null hypothesis is false, when we use more 
of the information.  This greater probability reflects the fact that the one 
negative difference, - 25 , is large. Examination of the original data shows 
that this individual had very large numbers of attacks on both treatments, 
and it seems at least possible he may belong to a different population from the 
other eleven . 
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Table 12.5.  Two-sided 5 per cent and 1 
per cent points of the distribution of T 
(lower value) in the Wilcoxon one­
sample test 

Probability that T is as far or 
further from the expected than 

Sample size the tabulated value 
n 5 %  1 %  

6 none 
7 
8 
9 

1 0  

1 1  
1 2  
1 3  
1 4  
1 5  

1 6  
1 7  
1 8  
1 9  
20 

2 1  
22 
23 
24 
25 

2 
4 
6 
8 

1 1  
14  
1 7  
2 1  
25 

30 
35 
40 
46 
52 

59 
66 
73 
8 1  
90 

none 
0 
2 
3 

5 
7 

10  
1 3  
1 6  

1 9  
23 
28 
32 
37 

43 
49 
55 
6 1  
68 

Like Table 1 2 .2 ,  Table 1 2. 5  is based on the assumption that the differences 
can be fully ranked and there are no ties . Ties may occur in two ways in this 
test . First, ties may occur in the ranking sense. In the example we had two dif­
ferences of + 2 and three of + 7 .  These were ranked equally :  l t and 1 t , and 6,  
6 and 6 .  When ties are present between negative and positive differences, 
Table 1 2 . 5  only approximates to the distribution of T. 

Ties may also occur between the observations under the two conditions, 
where the observed difference is zero . In the same way as for the sign test , we 
omit zero differences (Section 8 .2). The test is done using the number of non­
zero differences only to enter Table 12 . 5 .  This seems odd, in that a lot of zero 
differences would appear to support the null hypothesis. For example, if in 
Table 1 2 .4 we had another dozen patients with zero differences, the calcula­
tion and conclusion would be the same. However, the obser ·ed difference 
would be smaller and the Wilcoxon test tells us nothing about the size of the 
difference, only about its existence. This illustrates the danger of allowing 
significance tests to outweigh all other ways of looking at the data . 

As N increases, the distribution of T under the null hypothesis tends 
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towards a Normal Distribution, as does that of  Mann-Whitney U statistic . 
The sum of all the ranks , irrespective of sign is fN(N + I ) , so the expected 
value of T under the null hypothesis is ±NCN + I ) , since the two sums should 
be equal . The standard deviation of T is 

Hence 

� N(N + I )  (2N + I )  

24 

T - ±N(N + I )  � N(N + I )  (2N + I )  
24 

is from a Standard Normal Distribution if the null hypothesis is true. For the 
example of Table 1 2 .4, we have: 

T - ±N(N + I ) � N (N + I )  (2N + I )  

24 

1 1  - ± x 1 2  x 1 3  � 1 2 x 1 3  x 25 
24 

- 2 . 1 97 

From Table 7 .  I this gives a two-tailed probability of 0.028, similar to that 
obtained from Table 1 2 . 5 .  

I f  the differences are Normally distributed, the t test i s  the most powerful 
test . The Wilcoxon test is almost as powerful, however, and in practice the 
difference is not great . The sign test is similar in power to the Wilcoxon for 
very small samples , but as the sample size increases, the Wilcoxon test 
becomes much more powerful .  This might be expected since the Wilcoxon 
test uses more of the information. 

1 2.4. Spearman's rank correlation coefficient, p 

We noted in Chapter 1 1  the sensitivity to assumptions of Normality of the 
product moment correlation coefficient , r. This led to the development of a 
non-parametric alternative based on ranks. Spearman 's approach was direct . 
First we rank the observations, then we calculate the product moment cor­
relation of the ranks, rather than the observations themselves. The resulting 
statistic has a distribution which does not depend on the distribution of the 
original variables . It is usually denote by the Greek letter p ,  pronounced 
'rho ' .  

Table 1 2 .6 shows data from a study of the geographical distribution of a 
tumour, Kaposi 's sarcoma, in mainland Tanzania . The incidence rates were 
calculated from cancer registry data and there was considerable doubt that all 
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Table 12.6. Incidence of Kaposi's sarcoma and access of population 
to health centres for each region of mainland Tanzania [Bland et al. 
1 977) 

Percent population Rank order 
Incidence with JO km of 

Region cases/mill ion/year health centre Incidence Pop OJo 

Coast 1 .28 4.0 I 3 
Shinyanga 1 .66 9 .0 2 7 
Mbeya 2 .06 6 .7  3 6 
Tabora 2.37 1 .8 4 I 
Arusha 2.46 1 3 . 7  5 1 3  
Dodoma 2.60 1 1 .  I 6 I O  
Kigoma 4.22 9 .2 7 8 
Mara 4.29 4.4 8 4 
Tanga 4.54 23 .0 9 1 6  
Singida 6. 1 7  10 .8  10  9 
Morogoro 6 .33  1 1 . 7 I I  I I  
Mtwara 6.40 14 .8  1 2  14  
Westlake 6.60 1 2 .5  1 3  1 2  
Kilimanjaro 6.65 57.3 14 17 
Ru vu ma 7 .2 1  6 .6  15  5 
Iringa 8 .46 2.6 16 2 
Mwanza 8 .54 20.7 1 7  1 5  

cases had been not ified . The degree of reporting of cases may have been 
related to population density or availability of health services. In addit ion, 
incidence was closely related to age and sex (where recorded) and so could be 
related to the age and sex distribution in the region . To check chat none of 
these were producing artefacts in the geographical distribution , I calculated 
the rank correlation of disease incidence with each of the possible explana­
tory variables . Table 12 . 6  shows the relationship of incidence to the per­
centage of the population living within I 0 km of a health centre. Figure 1 2 . l 
shows the scatter diagram of  these data, suggesting that there may be a slight 
relationship. The percentage within JO km of a health centre is very highly 
skewed , whereas the disease incidence appears somewhat bimodal 
(Fig . 7 .20) . The assumptions of the product moment correlation do not 
appear to be met , so rank correlation was preferred. 

The calculation of Spearman' s  p proceeds as follows . The ranks for the two 
variables are found (Table 1 2 .6) . Now, we can easily apply the formula for 
the product moment correlation to these ranks . We define: 

sum of  products about mean of ranks 
p = 

sum of  squares of ranks for first variable 
x sum of squares of ranks for second variable 

The calculation proceeds as follows (denoting ranks in one variable by x and 
the other by y ) 
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Fig. 12.1  Incidence of Kaposi ' s  sarcoma per million per year and percentage of 
population within 1 0  km of a health centre, for 1 7  regions of mainland Tanzania. 

2:X;Y; = 1 x 3 + 2 x 7 + 3 x 6 + 4 x 1 + 5 x 13 + 6 x 1 0  + 7 x 8 + 8 x 4 
+ 9 x 1 6  + 1 0  x 9 + 1 1 x 1 1 + 1 2 x 1 4  + 1 3  x 1 2  + 1 4  x 1 7  
+ 1 5 x 5 + 1 6 x 2 + 1 7 x 1 5 
1 53 1  

I:x; = 1 + 2 + 3 + . . .  + 1 5  + 1 6  + 1 7  = 1 53 
I:y; = 1 53 ,  similarly 

I:x? = l2 + 22 + 32 + . . .  + 1 52 + 1 62 + 1 72 = 1 785 
I:y/ = 1 785 ,  similarly 

Sum of products about mean 

I:x;Y; 
(I:x;) (2: Y;) 

n 

1 54 

Sum of squares for x 

= I:x? 
(I:x;)2 

n 

= 408 

Sum of squares y = 408 , similarly 
Hence 

1 54 

1 5 3 1  -

1785 -

p = = 0.38 
.J408 x 408 

1 53 x 1 53 
1 7  

1 532 
--

1 7  

We can now use p to test the null hypothesis that the variables are indepen­
dent , the alternative being that either one variable increases as the other 
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Table 12.7. Two-sided 5 per cent and 1 
per cent points of the distribution of 
Spearman's p 

Probability that p is as far or 
further from the expected than 

Sample size the tabulated value 
n 50Jo I OJo  

4 none none 
5 1 .00 none 
6 0.89 1 .00 
7 0.82 0.96 
8 0.79 0.93 
9 0.70 0.83 

I O  0.68 0.81  

increases, or that one decreases as the other increases. As usual with ranking 
statistics, the distribution of p for small samples can be found by listing all the 
possible permutations and their values of p. For a sample size of n there are, 
of course , n! possibilities. Table 1 2 .  7 shows the critical value of p for sample 
sizes up to 10. As n increases, so p tends to a Normal Distribution when the 
null hypothesis is true, with expected value 0 and variance l l(n - 1 ) .  Thus 
p/.J[ l l(n - 1 )] = p.J(n - 1) is from a Standard Normal Distribution. 

For our data we have 0 . 38 .J( l  7 - I) = 1 .52, which from Table 7 . 1  has two­
sided probability of 0 . 1 3. Hence we have not found any evidence of a rela­
tionship between the observed incidence of Kaposi ' s  sarcoma and access to 
health centres . In this study there was no significant relationship with any of 
the possible explanatory variables and we concluded that the observed geo­
graphical distribution did not appear to be an artefact of population distribu­
tion or diagnostic provision. 

We have ignored the problem of ties in the above. We treat observations 
with the same value as described in Section 1 2 .2 .  We give them the average of  
the ranks they would have if they were separable and apply the rank correla­
tion formula as described above. In this case the distribution of Table 1 2 .  7 is 
only approximate. 

There are several ways of calculating this coefficient , resulting in formulae 
which appear quite different, though they give the same result (see Siegel 
1 956) . 

12.5 .  Kendall's rank correlation coefficient, 7 

Spearman's  rank correlation is quite satisfactory for testing the null 
hypothesis of no relationship, but is difficult to interpret when the null 
hypothesis is not true. Kendall developed a different rank correlation coeffi­
cient, Kendall ' s  T, which has some advantages over Spearman's .  (The Greek 
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letter T is pronounced 'tau' . )  It is rather more tedious to  calculate than 
Spearman's ,  but in the computer age this hardly matters. To see how it works 
we shall consider some artificial data for two variables, X and Y, measured 
on five subjects, A to E :  

Subject x y rank X rank Y 
A 3 1 2  2 3 
B 7 1 7  4 5 
c 6 9 3 2 
D 2 7 I 
E 9 1 6  5 4 

We find the rank order of the subjects on the two scales . We wish to examine 
the strength of the relationship between X and Y. Consider any pair of indi­
viduals ,  say A and B. We ask :  are they in the same order in the two rankings? 
For X, A has rank 2 and B rank 4, so A precedes B. For Y, A has rank 3 and B 
rank 5 ,  so A precedes B .  Hence, A and B are in the same order. Now consider 
A and C. For X, A has rank 2 and C has rank 3, so A precedes C. For Y, A has 
rank 3 and C has rank 2,  so C precedes A. Thus, A and C are in a different 
order . We can do this for every possible pair of subjects :  

AB, same AC, diff. 
BD, same BE, diff. 

AD, same AE, same BC, same 
CD, same CE, same DE, same 

Now, if the ranks are identical, each pair of individuals will be in the same 
order on both rankings. If the ranks are exactly opposite, each pair will be in a 
different order on the two rankings. I f  there is no relationship at all between 
the rankings , half the pairs will be in the same order and half will be different . 
We count the number of pairs in the same order, which we shall call P, and 
the number in different order , which we shall call Q. The total number of 
pairs is (P + Q) .  For the example, P = 8 and Q = 2, there are 10 pairs . Now 
define S, the difference between the number of pairs in the same and the 
number of pairs in different order, S = P - Q. For the example, 
S = 8 - 2 = 6. Clearly the maximum possible value of S is (P + Q), and this 
occurs when the two rankings are the same. The minimum possible value is 
- (P + Q), when the rankings are exactly opposite, and S is zero when there 
is no relationship at all. Now define 

s 7 = ---
P + Q 

This is Kendal l ' s  rank correlation coefficient. For the example 

6 6 7 = -- = - = 0.6 
8 + 2 10 

As the number of  subjects increases , the number of pairs increases rapidly 
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and this method of calculation becomes unwieldy. First we note that the total 
number of pairs , P + Q, is the number of ways of choosing 2 things from n 
things, i . e .  

n ! n x (n - 1 ) x (n - 2) x . . .  x 3 x 2 x I 
±n (n - 1 ) 

2 !  (n - 2)! 2 x I x (n - 2) x 1(n - 3)  x . . .  x 3 x 2 x I 

Hence 

s 7 = 
±n (n - ! )  

Also, Q = ±n (n - ! )  - P and so S = 2P - ±n (n - I ) .  
The simplest way to calculate P is t o  write down the ranks with one ranking 

in order: 

D A C B E 
x 2 3 4 5 
y 3 2 5 4 

Now consider the second ranking. The first item, D, has rank 1 .  All the 4 indi­
viduals to the right of this have greater rank, so they will all be in the correct 
order. Hence 4 pairs containing D are in the same order on both rankings. 
The second item, A, has 2 individuals to the right of it with greater rank (all 
but C) but so contributes 2 further pairs in the correct order. Note that the 
pair AD has already been counted. The third item has 2 ranks greater than it 
on the right, the fourth has no ranks greater than it, nor of course, has the 
fifth and last .  Hence P = 4 + 2 + 2 + 0 + 0 = 8 as before. Since n = 5 ,  
P + Q = ±n (n - I )  = ± x 5 x 4 = 1 0, Q = 1 0  - 8 = 2 and S = P - Q = 
8 - 2 = 6. Hence T = 6/ 10  = 0.6 as before. 

Kendall 's T is intuitively very simple when there are no ties. When there are 
tied ranks things become more complicated . First we shall calculate the 
numerator. 

Consider the following artificial data: 

Subject x y X rank Y rank 
A 0 0 1.!.  2 2 

B 5 4 5.!. 2 4.!. 2 

c 5 6 st 6 
D 2 4 3 4.!. 2 

E 0 0 1 .!. 2 2 

F 4 0 4 2 

Before discussing the practical calculation of T, we shall look at all the pos­
sible pairs: 
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AD, same AC, same AD, same AE, none AF, none 
BC, same BD, none BE, same BF, same CD, same 
CE, same CF, same DE, same DF, diff. EF, none 

There are I S  pairs . A and B have ranks 1 and S on the first ranking and 2 and 4 
on the second ranking, and so are in the same order . So are pairs AC and AD. 
Consider A and E .  A and E have ranks 1 and 1 on the first ranking, and ranks 
2 and 2 on the second. They are not in any order . We do not know whether A 
or E really ranks higher. Hence there is no known order and we cannot say 
whether they are ordered in the same way or differently. We record 'none ' .  
Pair A and F have ranks 1 and 4 on  the first ranking and 2 and 2 on  the 
second. We cannot distinguish between them on the second ranking, so we 
cannot say whether the two orders are the same or different , despite the fact 
that they are ordered on the first ranking. Hence we now have three kinds of 
pairs: those where the orders are the same, those where the orders are dif­
ferent, and those where the order is undetermined . For the example, the 
number the same is P = 10, the number different is Q = 1 and the number 
with no order is N = 4. Here P + Q does not add up to tn (n - 1 ) .  We have 
P + Q + N = tn (n - 1 ) .  We define S = P - Q as before, in this case 
s = 10 - 1 = 9 .  

For practical calculation of S ,  we first order the individuals by  one of the 
rankings, say the X rank :  

x 

y 

A i t 
2 

E 
1 t 
2 

F 
4 

2 

c 
st 
6 

It is no longer sufficient to find P, as we cannot calculate S from it . We must 
calculate Q as wel l .  The first case, A, has the same rank as the second , E, on 
the first rank ,  so we do not count the pair AE . We have 3 greater ranks to the 
right (D, B ,  C), and 0 smaller. For E, we also have 3 greater and 0 smaller. For 
D, we have 2 greater, 1 smaller, and I ,  B, with no order. For F we have 2 
greater and 0 smaller. The final two, B and C have the same rank and so con­
tribute nothing to P or Q. We now have 

P = 3 + 3 + 2 + 2 + 0 + 0 = 10 
Q = O + O + I + O + O + O = l 
Hence S = P - Q = I O  - 1 = 9, as before. 

Now consider the denominator. There are tn (n - 1 )  possible pairs . I f  there 
are t individuals tied at a particular tank for variable X, no pairs from these t 
individuals contribute to S. There are tt(t - I )  such pairs . If we consider all 
the groups of tied individuals we have Ltt(t - I) pairs which do not contri­
bute to S, summing over all groups of tied ranks. In the example we have two 
tied at I I, and two tied at st ,  so 
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2:±ru - 1 )  = ± x 2 x 1 + ± x 2 x 1 = 2 

Hence the total number of pairs which can contribute to S is ±n (n - I )  -
2:±t(t - 1 ) .  For the example this is ( 1 5 - 2) = 1 3 .  Hence S cannot be greater 
than ±n (n - I )  - 2:±t(t - 1 ) .  The size of S is also limited by ties in the second 
ranking . I f  we denote the number of tied individuals in a group by u, then the 
number of pairs which can contribute to S is ±n (n - 1 )  - 2:±u (u - 1 ) .  For 
the example, there are three at 2 and two at 4± . Hence 

±n (n - 1 )  - 2:±u (u - 1 )  = (I x 9 x 8 - I x  3 x 2 - I x  2 x 1 )  
1 5 - 4 

= 1 1  

So S must be less than 1 1 .  
There are three different ways of handling ties when using T, denoted by Ta, 

Tb, and Tc- By far the most useful formula is that for Tb, which is the propor­
tion of untied pairs having the same ordering. We define Tb by 

s 
-.f[±n (n - 1 )  - 2:±t(t - l )] [In (n - 1 )  - 2:±u (u - l )] 

We note that if there are no ties, 2:±t(t - 1 )  = 0 and 2:tu (u - 1 ) = 0, so 

s 
Tb = = T 

-.f[±n (n - I ) x ±n (n - 1 )] 

We can also see that if the numbers of ties are the same, it is possible for Tb to 
equal I or - 1 ,  since the two limits on the size of S are the same. I f  the 
numbers of ties are not the same, Tb must be less than 1 .  In our example S must 
be less than or equal to 1 1 ,  but the denominator is -.I ( 1 3  x 1 1 ) greater than 
1 1 . This is reasonable, since if the numbers of ties are different , the rankings 
cannot be identical .  When the rankings are identical Tb = 1 ,  no matter how 
many ties there are. For the example: 

9 
Tb = 

)( l 3  X ! l ) 
= 0.75 

There are good reasons for this choice of denominator, based on the general 
theory of correlations (Kendall 1 970) . Kendall also discusses two other ways 
of dealing with ties, obtaining coefficients Ta and Tc , but their use is restricted . 

The value of Tb for the Kaposi 's sarcoma data can be calculated directly 
from Table 1 2 .6 ,  since the incidence is presented in rank order. There are no 
ties , so we can use the simple method : 

P = 1 4 + 1 0 + 1 0 + 1 3  + 4 + 6 + 7 + 8 + 1 + 5 + 4 + 2 + 2 + 0 + 1 + 1 + 0 
= 88 
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The number of pairs i s  tn (n - 1 ) = I x 1 7 x 1 6 = 1 36, so Q 1 36 -
88 = 48 and S = P - Q = 88 - 48 = 40. Hence T = Sltn (n - 1 ) = 

40/ 1 36 = 0 .29. 
We often want to test the null hypothesis that there is no relationship 

between the two variables in the population from which our sample was 
drawn . As usual , we are concerned with the probabi lity of S being the same as 
or more extreme (i .e .  far from zero) than the observed value. Table 1 2 . 8 was 
calculated in the same way as Table 12 . 1 .  It shows the probability of being as 
extreme as the observed value of S for n up to 10 . For convenience, S is 
tabulated rather than r. When ties are present this is only an approximation. 

Table 12.8. Two-sided 5 per cent and 1 
per cent points of the distribution of S 
for Kendall 's  T 

Probability that S is as far or 
further from the expected than 

Sample size the tabulated value 
n 5% 1 %  

4 none none 
5 IO none 
6 I 3  I 5  
7 I S  I 9  
8 I 8  22 
9 20 26 

I O  23 29 

When the sample size is greater than 10 , S is approximately Normally dis­
tributed. The mean of the distribution is zero . If there are no ties, the variance 
is 

1 
Yar(S) = - n (n - 1 ) (2n + 5) 1 8 

When there are ties, the variance formula i s  horri fically complicated , 
though if there are not many ties it will not make much difference if the 
simple form above is used . Seigel ( 1 956) gives it. See Kendall ( 1 970) for a full 
discussion. 

For the example, S = 40, n = 1 7 and so the Standard Normal variate is 

s s 

�-&;n(n - 1 ) (2n + 5) 

40 

. I 1 x 1 7 x 1 6 x 39 'V IS  
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40 
.J589.33 

40 
24.276 
1 .65 

From Table 7 . 1  of the Normal Distribution we find that the two-sided prob­
ability of a value as extreme as this is 0.05 x 2 = 0. 1 ,  which is very similar to 
that found using Spearman's  p. The product moment correlation, r,  gives 
r = 0 .30, p = 0 .24. This illustrates the considerable reduction in power for r 

when its assumptions are not met. 
Why have two di fferent rank correlation coefficients? Spearman's  p is 

older than Kendall 's T, and can be thought of as a simple analogue of the pro­
duct moment correlation coefficient , Pearson's r. The coefficient , r is a part 
of a more general and consistent system of ranking methods. 

In general, the numerical value of p is greater than that of r. I t  is not pos­
sible to calculate p from r or r from p, they measure different sorts of correla­
tion. The coefficient p gives more weight to reversals of order hen data are 
far apart in rank than when there is a reversal close together in rank, r does 
not . However, in terms of tests of significance both have the same power to 
reject a false null hypothesis, so for this purpose it does not matter which is 
used . 

12 .6. Continuity corrections 

In most of the methods in this chapter we have used a continuous distribu­
tion, the Normal , to approximate to a discrete distribution, U, T, or S. For 
example, Fig. 1 2 .2  shows the distribution of the Mann-Whitney U statistic 
for n ,  = 4, n2 = 4 (Table 1 2 . 1 )  with the corresponding Normal curve . 
From the exact distribution, the probability that U < 2 is 0 .0 14  + 0 .0 14  + 

0 .029 = 0 .057 .  The corresponding Standard Normal deviate i 

2 -
4 x 4 

2 

. /4 x 4 x 9 
'V 12  
- I .  732 

This has a probability of 0.048 , interpolating in Table 7 .  I .  This is smaller 
than the exact probabi lity. This disparity arises because the continuous distri­
bution gives probability to values other than the integers 0, I ,  2, etc . The 
estimated probability for U = 2 can be found by the area under the curve 
between U = 1 . 5 and U = 2 . 5 .  The corresponding Normal deviates are 
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Fig. 1 2 . 2  Dist ribution o f  t h e  Mann-Wi t ney U s t a t i s t i c .  n 1  = 4 .  n2 = 4 .  w h en t h e  
n u l l  hypothesis  i s  t rue,  w i t h  the corresponding Normal curve, a n d  area 
estima ting Prob(U = 2 ) .  

- 1 . 876 and - 1 . 588 ,  wh ich have probabi l i t ies from Table 7 . 1  o f  0 .030 and 
0 .056.  This  g ives an est imated probabi l i ty  for U = 2 of  0 .056 - 0 .030 = 

0.026 , wh ich compares qui te  well wit h t he exact figure o f  0 .029. Thus ,  to  
est imate t he probabi l i ty  t hat U < 2,  we estimate the area below U = 1 . 5 ,  not 
below U = 2. This gives us a Standard Normal deviate of  - 1 . 588 ,  as a lready 
noted, and hence a probabi l i ty  of 0.056 .  This corresponds remarkably well  
with the exact probabi l i ty  of  0.057 ,  especial ly when we consider how smal l  n 1  
and n 2  are . 

We shal l  get a better approximat ion from our Standard Normal deviate i f  
w e  make U c loser to  i t s  expected value by ± . I n  genera l ,  w e  get a bet ter fit i f  we 
make the  observed value of t he stat ist ic closer to  its expected value by hal f of  
t he in terval between adj acent discrete values.  Th i s  is  a continuity correction . 

For S, t h is  in terval is 2 ,  not I ,  For S = 2P - ±n (n + l ) , and P is an in teger .  
A change of  o n e  u n i t  i n  P prod uces a change of  two un i t s  in  S. T h e  cont inu i ty  
correct ion is  t herefore ha l f  of  2 ,  wh ich  is  l .  We make S closer to  the expected 
value of 0 by I before applying the Normal approximat ion .  For the  Kapos i ' s  
sarcoma data ,  we had S = 40,  wit h n = 17 .  Us ing the cont i nui ty correct ion 
gives 

I S i - I 
..Jvar(S) 

40 - I 

. /_
I
_ x 1 7  x 1 6  x 39 'Y 1 8  

39 
24. 276 
1 .607 
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where I S I means the absolute value or modulus, without sign. This gives a 
two-sided probability of 0.054 x 2 = 0. 1 1 ,  slightly greater than the uncor­
rected value of 0 . 1 0 . 

Continuity corrections are important for small samples ; for large they are 
negligible. We shall meet another in Chapter 1 3 .  

12.7 .  Parametric or non-parametric methods? 

For many statistical problems there are several possible solutions, just as for 
many diseases there are several treatments ,  similar perhaps in their overall 
efficacy but displaying variation in their side-effects, in their interactions 
with other diseases or treatments, and in their suitability for di fferent types of 
patients .  There is often no one right treatment, but rather treatment is 
decided by the prescriber's judgement of these effects, past experience, and 
plain prejudice . Many problems in statistical analysis are like this . In com­
paring the means of two small groups, for instance, we could use a t test, a t 
test with a transformation, a Mann-Whitney U test , or one of several others . 
Our choice of method depends on the plausibility of Normal assumptions, 
the importance of obtaining a confidence interval, the ease of calculation, 
and so on . It depends on plain prejudice , too . some users of statistical 
methods are very concerned about the implications of Normal assumptions 
and will advocate non-parametric methods wherever possible; others are too 
careless of the errors that may be introduced when assumptions are not met . 

I sometimes meet people who tell me that they have used non-parametric 
methods throughout their analysis as if this is some kind of badge of statis­
tical purity. It is nothing of the kind . It may mean both that their significance 
tests have less power than they might have, and that results are left as ' not 
significant' when, for example, a confidence interval for a difference might 
be more informative . 

On the other hand , such methods are very useful when the necessary 
assumptions of the t Distribution method cannot be made, and it would be 
equally wrong to eschew their use. Rather, we should choose the method 
most suited to the problem, bearing in mind both the assumptions we are 
making and what we really want to know. We shall say more about what 
method to use when, in Chapter 14 .  
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Exercise 1 2M 

(Each branch is either true or false . )  

1 .  For comparing the responses t o  a new treatment o f  a group o f  patients 

with the responses of a control group to a standard treatment, possible 

approaches include: 

(a) the two-sample t method ; 

(b) the sign test; 

(c) the Mann-Whitney U test; 

(d) the Wilcoxon matched-pairs test; 

(e) rank correlation between responses to the treatments . 

2. Kendall's rank correlation coefficient: 

(a) depends on the choice of dependent variable; 

(b) is zero when there is no relationship; 

(c) cannot have a valid significance test when there are tied observations; 

(d) must lie between - 1 and + 1 ;  
(e) is not affected by a log transformation of the variables . 

3.  Tests of significance based on ranks: 

(a) are always to be preferred to methods which assume the data to be 
Normally distributed; 

(b) are less powerful than methods based on the Normal Distribution when 
data are Normally distributed; 

(c) enable confidence intervals to be estimated easily; 

(d) require no assumptions about the data; 

(e) are often to be preferred when data cannot be assumed to follow any 
particular distribution. 

4. Ten men with angina were given an active drug and a placebo on alter­

nate days in random order. Patients were tested using the time in minutes 

for which they could exercise until angina or fatigue stopped them. The 

existence of an active drug effect could be examined by: 

(a) paired t test; 
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(b) Mann-Whitney U test ; 

(c) sign test; 

(d) Wilcoxon matched-pairs test; 

(e) Spearman' s  p 

S. An observed value of zero for the following test statistics would lead to a 

conclusion of ' not significant' :  

(a) S for Kendall 's T; 
(b) Mann-Whitney U; 

(c) T in the Wilcoxon matched-pairs test ; 

(d) Spearman's  p ;  
(e) the  number of negatives in the sign test . 

Exercise 1 2E 

In this exercise we shall analyse the respiratory compliance and arterial 
oxygen pressure data of Table I OE .  I using non-parametric methods . 

1 .  For the data of Table I OE . I ,  use the sign test to test the null hypothesis 
that changing the waveform has no effect on p0(02 ) .  

2 .  Test the same null hypothesis using a test based on  ranks . 

3 .  How do these compare with one another and with the results of I OE part 
3?  

4.  Use the sign test to  test the null hypothesis that changing the  waveform 
has no effect on compliance . 

5 .  Test the same null hypothesis using a test based on ranks. 

6 .  Repeat step 4 using log-transformed compliance. Does the transforma­
tion make any difference? 

7. Repeat step 5 using log compliance. Why do you get a different answer? 
8. What do you conclude about the effect of waveform from the non­

_parametric tests? 

9.  How do the conclusions of the parametric and non-parametric 
approaches differ? 



1 3 . The analysis of cross-
ta bula tions using the 
Chi-squared Distribution 

13.1 .  The chi-squared test for association 

Table 1 3  . 1  shows the results of the clinical trial of streptomycin for treatment 
of pulmonary tuberculosis (MRC 1 948), described in Chapter 2. We have the 
assessment of the patients' condition tabulated by the treatment. This kind of 
cross-tabulation of frequencies is also called a contingency table or cross­

c/assification. This chapter concerns the analysis of such tables, principally 
using the Chi-squared Distribution . 

This is an area where non-parametric methods are mainly used . It can be 
quite difficult to measure the strength of the association between two qualita­
tive variables , but it is easy to test the null hypothesis that there is no relation­
ship or association between the two variables . If the sample is large, we do 
this by a chi-squared test. 

The chi-squared test for association in a contingency table works like this. 
The null hypothesis is that there is no association between the two variables, 
the alternative being that there is an association of some type. We find for 
each cell of the table the frequency which we would expect if the null 
hypothesis were true. To do this we use the row and column totals, so we are 

Table 13 .1 .  Contingency table showing radiological appear­
ance at six months as compared with appearance on admis­
sion in the MRC streptomycin trial 

Radiological assessment Streptomycin Control Total 

Considerable improvement 28 4 32 
Moderate or slight improvement 1 0  1 3  23 
No material change 2 3 5 
Moderate or slight deterioration 5 1 2  1 7  
Considerable deterioration 6 6 1 2  
Deaths 4 1 4  1 8  

Total 55 52 1 07 
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finding the expected frequencies for tables with these totals, called the 
marginal totals .  

There are 107 patients, of whom 32 showed considerable improvement , a 
proportion 32/ 1 07 .  If there were no relationship between the variables treat­
ment and outcome, we would expect each column of the table to have the 
same proportion, 32/ 1 07 ,  of its members in the first row. Thus the 55 patients 
in the first column would be expected to have 55 x 32/ 1 07 = 1 6 .4 in the first 
row . (By expected we mean the average frequency we would get in the long 
run. We could not actually observe 16 .4 subjects . )  The 52 patients in the 
second column would be expected to have 52 x 32/ 107 = 1 5 .6 in the first 
row. The sum of these two expected frequencies is, of course, 32, the row 
total . Similarly, there are 23 patients in the second row and so we would 
expect 55 x 23/ 1 07 = 1 1 . 8  in the second row, first column and 
52 x 23/ 1 07 = 1 1 .2  in the second row, second column. We calculate the 
expected frequency for each row and column combination, or cell. The 1 2  
cells of Table 1 3  . 1  give us the expected frequencies shown i n  Table 1 3  . 2 .  
Notice that the row and column totals are the same a s  in Table 1 3 . 1 .  

Table 13.2 .  Expected frequencies under the null hypothesis 
for Table 1 3 . 1  

Radiological assessment Streptomycin Control Total 

Considerable improvement 16 .4 1 5 .6 32 
Moderate or slight improvement 1 1 .8 1 1 .2 23 
No material change 2.6 2 .4 5 
Moderate or slight deterioration 8 .7  8 .3  1 7  
Considerable deterioration 6.2 5.8 12 
Deaths 9 .3  8 .7  18  

Total 55.0 52.0 1 07 

I n  general, the expected frequency for a cell of the contingency table is 
found by 

row total x column total 
grand total 

It does not matter which variable is the row and which the column . 
We now compare the observed and expected frequencies . If the two vari­

ables are not associated, the observed and expected frequencies should be 
close together, any discrepancy being due to random variation. We need a 
test statistic which measures this. The differences between observed and 
expected frequencies are a good place to start. We cannot simply sum them as 
the sum would be zero, both observed and expected frequencies having the 
same grand total , 1 07 .  We can resolve this as we resolved a similar problem 
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with differences from the mean (Section 4. 7), by squaring them. The size of 
the difference will also depend in some way on the number of patients. When 
the row and column totals are small, the difference between observed and 
expected is forced to be smal l .  I t  turns out, for reasons discussed in Appendix 
1 3A. l ,  that the best statistic is 

(observed frequency - expected frequency)2 

all cells 

This is often written as 

For Table 1 3  . 1  this is 

� (0 - £)2 

E 

expected frequency 

+ 

+ 

+ 

+ 

+ 

� (0 - £)2 

E 

(28 - 1 6 .4)2 

1 6.4 

( 1 0  - 1 1 . 8)2 

1 1 . 8  

(2 - 2 .6)2 

2 .6 

(5 - 8 .7)2 

8 .7  

(6  - 6 .2)2 

6 .2  

(4 - 9 .3)2 

9 .3  

= 27 .2 

(4 - 1 5 .6)2 
+ 

1 5 . 6 

( 1 3  - 1 1 .2)2 
+ 

1 1 .2 

(3 - 2 .4)2 
+ 

2.4 

(12 - 8 . 3)2 
+ 

8 . 3  

( 6  - 5 . 8)2 
+ 

5 . 8  

( 14  - 8 .7)2 
+ 

8 .7  

As is explained in 1 3A. 1 ,  the  distribution of this test statistic when the  null 
hypothesis is true and the sample is large enough is the Chi-squared Distribu­
tion, with degrees of freedom given by 

(number of rows - 1) x (number of columns - 1 )  

We shall discuss what i s  meant by ' large enough' i n  Section 1 3 .2 .  
For Table 1 3 . 1  we have (6 - l ) x (2 - 1 ) = 5  degrees of freedom. Table 

1 3 . 3  shows some percentage points of the Chi-squared Distribution for 
selected degrees of freedom . We see that for 5 degrees of freedom the 1 per 
cent point is 1 5  . 1 ,  which our observed value of 27 .2 exceeds . The data are not 
consistent with the null hypothesis and we can conclude that there is good 
evidence of a relationship between treatment and condition. 

It is worth pointing out that the chi-squared statistic is not an index of the 
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Table 13.3. Percentage points of the Chi-
squared Distribution 

Probability that the tabulated 
value is exceeded (Fig. 1 3 .  I )  

Degrees o f  freedom I O"lo 5"7o ! "lo O. l "lo  

I 2 . 7 1  3 .84 6.63 1 0.83 
2 4 .61  5 .99 9 .21  1 3 .82 
3 6.25 7 . 8 1  1 1 . 34 1 6 .27 
4 7 .78 9.49 1 3 .28 1 8 .47 
5 9.24 1 1 .07 1 5 .09 20.52 
6 1 0 .64 1 2 .59 1 6. 8 1  22.46 
7 12 .02 14.07 1 8 .48 24.32 
8 1 3 .36 1 5 . 5 1  20.09 26. 1 3  
9 14 .68 16 .92 2 1 .67 27 .88 

J O  1 5 .99 1 8 . 3 1  23 .2 1  29.59 
I I  1 7 .28 19 .68 24.73 3 1 .26 
1 2  1 8 .55 2 1 .03 26.22 3 2 . 9 1  
1 3  1 9 . 8 1  22.36 27.69 34.53 
1 4  2 1 .06 23 .68 29. 1 4  36. 1 2  
1 5  22. 3 1  25 .00 30.58 37 .70 
16 23.54 26.30 32.00 39.25 
1 7  24.77 27.59 33 .4 1  40.79 
1 8  25.99 28.87 34.8 1 42. 3 1  
1 9  27.20 30. 1 4  36. 1 9  43 .82 
20 28.41 3 1 .4 1  37 .57 45 .32 
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Fig. 13.1 Percentage point of Chi-squared Distribution. 
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strength of the association. If  we double the frequencies in Table 1 3  . 1 ,  this 
will double the chi-squared statistic but the strength of the association is 
unchanged . 

13.2.  Validity of the chi-squared test for small samples 

We have seen that the test statistic l: (O - E)2/ E, which we can call the chi­
squared statistic, follows the Chi-squared Distribution provided the expected 
values are large enough. This is a large sample test, l ike those of Sections 9. 7 
and 9 .8 .  The smaller the expected values become, the more dubious will be 
the test. 

The conventional criterion for the test to be valid is usually attributed to 
the statistician W. G. Cochran . The rule is this : the chi-squared test is valid if 
at least 80 per cent of  the expected frequencies exceed 5 and all the expected 
frequencies exceed 1 .  We can see that Table 1 3 .2 satisfies this requirement, 
since only 2 out of 1 2  expected frequencies, 1 7  per cent , are less than 5 and 
none are less than 1 .  Note that this condition applies to the expected fre­
quencies, not the observed frequencies . It is quite acceptable for an observed 
frequency to be 0, provided the expected frequencies meet the criterion. 

This criterion is open to question. Simulation studies appear to suggest that 
the condition may be too conservative and that the chi-squared approxima­
tion works for smaller expected values, especially for larger numbers of rows 
and columns. At the time of writing the analysis of tables based on small 
sample sizes, particularly 2 by 2 tables , is the subject of hot dispute among 
statisticians. As yet, no-one has succeeded in devising a better rule than 
Cochran's ,  so I would recommend keeping to it until the theoretical ques­
tions are resolved. Any chi-squared test which does not satisfy the criterion is 
always open to the charge that its validity is in doubt . 

I f  the criterion is not satisfied we can usually combine or delete rows and 
columns to give bigger expected values. Of course, this cannot be done for 2 
by 2 tables , which we consider in more detail below. This editing must be 
done with regard to the meaning of the various categories. In Table 1 3  . 1 ,  
there would be no point in combining rows 1 and 6 to give a new category of 
'considerable improvement or death' to be compared to the remainder, as the 
comparison would be absurd . 

For an example, consider Table 1 3 .4 .  These data, from the MRC strepto­
mycin trial ,  show the results of radiological assessment for a subgroup of 
patients, defined by a prognostic variable. We want to know whether there is 
evidence of a streptomycin effect within this subgroup, so we want to test the 
null hypothesis of no effect using a chi-squared test . There are 6 out of 8 
expected values less than 5 ,  so the test on this table would not be valid. We 
must combine the rows so as to raise the expected values . Since there are no 
observations in the ' no change' row, it does not matter what we do with it ,  so 
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Table 1 3.4. Observed and expected frequencies of categories of radio­
logical appearance at six months as compared with appearance on admis­
sion in the MRC streptomycin trial, patients with an initial temperature of 
100-100.9 Of 

Streptomycin Control 

Radiological assessment Observed Expected Observed Expected Total 

Improvement 1 3  8.4 5 9 .6 18  
No change 0 0.0 0 0 .0 0 
Deterioration 2 4.2 7 4 .8 9 
Death 0 2.3 5 2 .7  5 

Total 1 5  1 5  1 7  1 7  32 

we could combine it with the ' improvement' row to give 'no change or 
improvement' . We can also combine the 'deterioration' and 'death' rows to 
give a 'deterioration or death' row. The expected values are then all greater 
than 5 and we can do the chi-squared test with I degree of freedom. The new 
table is shown in Table 1 3 . 5 .  We have 

Table 13.5 .  Reduction of Table 13 .4 to a 2 by 2 table 

Streptomycin Control 

Radiological assessment Observed Expected Observed Expected Total 

Improvement or no change 1 3  8.4 5 9 .6  1 8  
Deterioration o r  death 2 6.6 12 7.4 1 4  

Total 1 5  1 5  1 7  1 7  32 

� (0 - £)2 ( 1 3  - 8 .4)2 (5 - 9 .6)2 

E 8 .4 
+ 

9 .6  

(2 - 6 .6)2 ( 1 2  - 7 .4)2 + + 
6 .6 7 .4 

10 .8  

Under the null hypothesis this i s  from a Chi-squared Distribution with one 
degree of freedom, and from Table 1 3 . 3  we can see that the probability of 
getting a value as extreme as 1 0. 8  is less than I per cent. We have data incon­
sistent with the null hypothesis and we can conclude that the evidence 
suggests a treatment effect in this subgroup .  

I f  the table does not meet the criterion even after reduction to  a 2 by 2 table, 
we can apply either a continuity correction to improve the approximation to 
the Chi-squared Distribution, or an exact test based on a discrete distribution 
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l ike those of Sections 1 2 .2 to 1 2 . 5 .  These methods are described in  Sections 
1 3 . 5  and 1 3 . 6 .  

1 3 . 3 .  Tests for 2 b y  2 tables 

Consider the data on cough symptom and history of bronchitis discussed in 
Section 9 .8 .  We had 273 children with a history of bronchitis of whom 26 
were reported to have day or night cough, and 1 046 children without history 

Table 13.6. Cough during the day or at night 
at age 14 for children with and without a his­
tory of bronchitis before age 5 (Holland et al. 
1 9 78) 

Bronchitis No bronchitis Total 

Cough 26 
No cough 247 

Total 273 

44 
1 002 

1 046 

70 
1 249 

1 3 1 9 

of bronchitis , of  whom 44 were reported to have day or night cough. We can 
set these data out as a cross-classification table, as in Table 1 3 .6 .  

Table 13.7. Expected frequencies for Table 
1 3 .6 

Bronchitis No bronchitis Total 

Cough 1 4 .49 55.5 1 70 
No cough 258 . 5 1  990.49 1 249 

Total 273 1 046 1 3 1 9 

Let us use the chi-squared test to test the null hypothesis of no association 
between cough and history . The expected values are shown in Table 1 3 .  7. The 
test statistic is 

� (0 - £)2 
E 

(26 - 14 .49)2 
1 4.49 

(247 - 258 .5 1 )2 + �------
258 . 5 1  

1 2 .2 

(44 - 55 . 5 1 )2 + -'----�-
55 .  5 l 

( 1002 - 990.49)2 + -------
990.49 

We have r = 2 rows and c = 2 columns, so there are (r - l )(c - 1 )  = 
(2 - 1 )  x (2 - 1 )  = 1 degree of freedom. We see from Table 1 3 . 3  that the 
5 per cent point is 3 . 84, and the 1 per cent point is 6 .63 ,  so we have observed 
something very unlikely if the null hypothesis were true. Hence we reject the 
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null hypothesis of no association and conclude that there is evidence for a 
relationship between present cough and history of bronchitis. 

Now the null hypothesis ' no association between cough and bronchitis' is 
the same as the null hypothesis 'no difference between the proportions with 
cough in the bronchitis and no-bronchitis groups' . If  there were a difference, 
the variables would be associated . Thus we have tested the same null 
hypothesis in two different ways. In  fact these tests are exactly equivalent. I f  
we take the Normal deviate from Section 9 . 8 ,  which was 3 .49, and square it ,  
we get 1 2 .2, the chi-squared value. The method of Sections 9 .8  and 8.6 has the 
advantage that it can also give us a confidence interval for the size of the dif­
ference, which the chi-squared method does not . 

1 3.4. The chi-squared test for trend 

Consider the data of Table 1 3 . 8 .  Using the chi-squared test described in Sec­
tion 1 3  . 1 ,  we can test the null hypothesis that there is no relationship between 
reported cough and smoking against the alternative that there is a relation­
ship of some sort . The chi-squared statistic is 64. 1 ,  with 2 degrees of freedom. 
This is a very unlikely value and the data are not consistent with the null 
hypothesis. 

Now, we would have got the same value of chi-squared whatever the order 
of the columns . We might expect, however, that if there were a relationship 
between reported cough and smoking, the prevalence of co gh would be 
greater for greater amounts of smoking. In other words , we look for a trend 
in cough prevalence from one end of the table to the other. We can test for 
this using the chi-squared test for trend. 

First, we define two variables , X and Y, whose values depend on the cate­
gories of the row and column variables . For example, we could put X = 1 for 
non-smokers , X = 2 for occasional smokers and X = 3 for regular smokers, 
and put Y = 1 for yes and Y = 2 for no. Then for a non-smoker who coughs, 
the value of X is 1 and the value of Yis 1 .  If  there areNindividuals, we have N 
pairs of observations (x; ,y;) .  I f  there is a linear trend across the table, there 
will be linear regression of Y on X which has non-zero slope . 

Table 1 3.8. Cough during the day or at night and cigarette smoking by 
1 2-year-old boys (Bland et al. 1978) 

Boy's  smoking 

Non-smoker 

Cough 266 
No cough 1 037 

Total 1 303 

Smokes occasionally 

395 
977 

1 372 

Smokes regularly Total 

80 741 
92 2 1 06 

1 72 2847 
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We fit the usual least-squares regression line, Y = a + bX, where: 

b 
� (y; - j) (X; - X) 

� (X; - X)2 

se(b) = � � (x;
s� 

x)2 
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where s2 is the estimated variance of Y. In simple linear regression, as 
described in Chapter 1 1 , we are usually concerned with estimating b and 
making statements about its precision .  Here we are only interested in testing 
the null hypothesis that b = 0. Under the null hypothesis, the variance about 
the line is equal to the total variance of Y, since the line has zero slope. We use 
the estimate 

1 
s2 = 

N � (y; - j)2 

(We use N as the denominator here, not (N - 1 ) , because the test is condi­
tional on the row and column totals as described in Appendix l 3A. There is a 
good reason for it , but it is not worth going into here . )  Hence the standard 
error of b is 

Now, b is the sum of many independent, identically distributed random vari­
ables (y; - j) (x; - x), and so follows a Normal Distribution by the central 
limit theorem. As N is large, se (b) should be a good estimate of the standard 
deviation of this distribution . Hence, if the null hypothesis is true and 
E(b) = 0, blse (b ) is an observation from a Standard Normal Distribution . 
Hence the square of this , b2/se(b)2, is from a Chi-squared Distribution with 
one degree of freedom. 

b2 
se (b)2 

N � (x; - x)2 
[� (y; - j) (X; - X)]2 

� (X; - X)2 � (y; - j)2/N 
N[� CY; - J) (x; - x)]2 
� (X; - .f)2 � (y; - j)2 

For practical calculations we use the alternative forms of the sums of squares 
and products: 
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b2 
N [�Y;X; - ] 

[ (�y;)2 ] �y/ -
N 

se (b )2 

Note that it does not matter which variable is X and which is Y. The sums of 
squares and products are easy to work out . For example, for the column vari­
able, X, we have 1 303 individuals with X = 1 ,  1 372 with X = 2 and 1 72 with 
X = 3. For our data we have 

Hence 

�x/ = 
�X; = 

l 2 x 1 303 + 22 x 1 372 + 32 x 1 72 = 8339 
1 x 1 303 + 2 x 1 372 + 3 x 1 72 = 4563 
(�x;)2 = 8339 - 45632 = 1 025.7 

N 2847 
�y/ = l 2 x 741 + 22 x 2 106 = 9 1 65 
�Y; = 1 x 741 + 2 x 2 106 = 4953 

(�y )2 49532 �y/ - --'- = 9 1 65 - -- = 548 . 1  
N 2847 

�X;Y; = 1 x 1 x 266 + 2 x 1 x 395 + 3 x 1 x 80 
+ 1 x 2 x 1 037 + 2 x 2 x 977 + 3 x 2 x 92 

= 7830 
(�Y;) (fa;)2 4563 x 4953 �Y;X; - = 7830 - -----

N 2847 
= - 108 .4 

2847 x ( - 1 08.4)2 
x2 = = 59.5 1 025 .7 x 548 . 1  

I f  the null hypothesis is true, x2 is an observation from the Chi-squared Dis­
tribution with 1 degree of freedom. The value 59.5 is highly unlikely from this 
distribution and the trend is significant . 

We can also assess the departure from a linear regression . We subtract the 
chi-squared for trend statistic from the usual contingency table chi-squared . 
This can be used to test the null hypothesis that there is no deviation from the 
linear trend. I t  follows a Chi-squared Distribution with (r - l )(c - 1 )  - 1 
degrees of freedom . For the example, the chi-squared for deviation from the 
trend is 64. 1 - 59.5 = 4.6, with 1 degree of freedom. This i dicates that a 
linear trend does not completely explain the relationship. 

There are several points to note about this method. The choice of values for 
X and Y is arbitrary. By putting X = 1 ,  2, or 3 we assumed that the difference 
between non-smokers and occasional smokers is the same as that between 
occasional smokers and smokers. This need not be so and a di fferent choice 
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Table 1 3.9. Smoking by 1 2-year-old boys and smoking 
by their parents (Bland et al. 1978) 

Parents' smoking 

Neither One Both 
Boy's smoking smoke smokes smokes Total 

Never smoked 480 432 39 I  I 303 
Smoked only once 256 393 327 976 
Smoked occasionally 90 I47 1 59 396 
Smokes > I /week 1 3  34 45 92 
Smokes > I /day 9 25 46 80 

Total 843 103 I  968 2847 

of X would give a different chi-squared for trend statistic. The choice is not 
critical , however. 

The trend may be significant even if the overall contingency table chi­
squared is not . This is because the test for trend has greater power for detect­
ing trends than has the ordinary chi-squared test. On the other hand, if we 
had an association where those who were occasional smokers had far more 
symtoms than either non-smokers or regular smokers, the trend test would 
not detect it . 

There can be more than two categories for X and for Y. For example, con­
sider Table 1 3 . 9 .  The overall chi-squared is 59.8 with 8 degrees of freedom 
and the trend chi-squared is 50.6 with I degree of freedom, based on dummy 
variables with equal intervals . We put X = 1 ,  2, or 3 for the parents' smoking 
and Y = 1 ,  2, 3, 4 ,  or 5 for the child 's smoking. The chi-squared about trend 
is 59 .8  - 50.6  = 9 .2  with 8 - 1 = 7 degrees of freedom . This is not signifi­
cant , showing that the trend for the child to report smoking more as the 
number of parents smoking increases can explain all the association in the 
table. 

We can also apply the trend test to Table 1 3 . 1 .  The chi-squared for trend is 
1 7 .9  with 1 d . f. ,  p < 0.00 1 , and the chi-squared about trend is 9.0 with 4 
d . f. ,  p > 0.05 . The main association is an increasing tendency to be in the 
control group as we go from considerable improvement to death .  

1 3 . 5 .  Fisher's exact test 

The chi-squared test described in Section 1 3 . 1 is a large-sample test . When the 
sample is not large and expected values are less than 5, we can turn to an exact 
distribution like those for the Mann-Whitney U statistic, rank correlation 
coefficient, etc. This method is called Fisher's exact test . 

The exact probability distribution for the table can only be found when the 
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row and column totals are given . Just as with the large-sample chi-squared 
test , we restrict our attention to tables with these totals . This difficulty has led 
to much controversy about the use of this test . We shall see how the test works 
first, then discuss its applicability. 

Fisher's exact test works like this . Suppose we carry out a clinical trial and 
randomly allocate 4 patients to treatment A and 4 to treatment B. The out­
come is as follows : 

Survived Died Total 
Treatment A 3 1 4 
Treatment B 2 2 4 
Total 5 3 8 

We want to know whether the difference in mortality between rhe two treat-
ments is due to chance or is evidence of a difference between the treatments. 
To do this , we first ask how many randomizations would give this outcome? 
We can see that if we keep the row and column totals constant, there are only 
4 possible tables : 

(i) s D T (ii) s D T 
A 4 0 4 A 3 4 
B 3 4 B 2 2 4 
T 5 3 8 T 5 3 8 

(iii) s D T (iv) s D T 
A 2 2 4 A 1 3 4 
B 3 4 B 4 0 4 
T 5 3 8 T 5 3 8 

These tables are found by putting the values 0, 1 ,  2, 3 in the 'A and D '  cel l .  
Any other values would make the D total greater than 3 .  

Now, let us label our subjects a to h .  The survivors we shall call a to e ,  and 
the deaths f, g, h. How many ways can these patients be arranged in two 
groups of 4 to give tables i, ii, iii and iv? 

Table i can arise in 5 ways. Patients f, g, and h would have to be in group B,  
to give 3 deaths , and the remaining member of B could be a ,  b ,  c ,  d or e. 

Table i i  can arise in 30 ways . The 3 survivors in group A can be abc, abd, 
abe, acd, ace, ade, bed, bee, bde, cde, 1 0  ways . The death in A can be f, g or h ,  
3 ways . Hence the group can be made up in 10  x 3 = 30 ways . Table i i i  is the 
same as table i i ,  with A and B reversed, so arises in 30 ways . Table iv is the 
same as table i with A and B reversed, so arises in 5 ways . 

Hence we can arrange the 8 patients into 2 groups of 4 in 5 + 30 + 30 + 5 
= 70 ways . Now, the probability of any one arrangement arising by chance is 
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1 170, since they are a l l  equally likely. I f  there are 3 deaths, table i arises from 
5 of the 70 arrangements, so had probability 5/70 = 0.07 1 .  Table ii arises 
from 30 out of 70 arrangements, so has probability 30/70 = 0.429. Similarly, 
table ii i has probability 30/70 = 0 .429, and table iv has probability 
5170 = 0 .07 1 .  

Hence, under the null hypothesis that there is no association between treat­
ment and survival, table ii, which we observed, has a probability of 0.429 . It 
could easily have arisen by chance and is consistent with the nul l hypothesis. 
We should also consider tables more extreme than the observed . In this case, 
the only more extreme table is table i, where all the deaths occur in one group, 
so the probability of the observed table or a more extreme one is 
0 .07 1 + 0.429 = 0 . 5 .  

This i s  the rationale for Fisher's exact test . We calculate the probability of  
each possible table arising, under the null hypothesis. We then find the prob­
ability of the observed or more extreme tables arising by chance and if this 
total probability is small (say less than 0.05) the data are inconsistent with the 
null hypothesis and we can conclude that there is evidence that an association 
exists . 

There is no need to enumerate all the possible tables, as above. The prob­
ability can be found from a simple formula. If the row and column totals are 
RI • R1. cl ' and C2, the probability of observing frequencies 01 1 • 012• 022> 021 
IS 

N! x 01 1 ! x 012 ! x 022 ! x 021 ! 

(For the derivation of this see Appendix 1 3A.2 . )  We can calculate this easily 
for each possible table and so find the probability for the observed table and 
each more extreme one. For the example, we have: 

table i :  
5 !  x 3 !  x 4 !  x 4 !  

8 !  x 4 !  x O!  x 1 ! x 3 !  

5 !  x 3 !  x 4 !  x 4 !  

5 !  x 4 !  
8 !  

4 x 3 x 2 x  
8 x 7 x 6 = 0.071 

table i i :  = 0.429 
8 !  x 3 ! x l !  x 2 ! x 2 ! 

giving a total of 0.50 as before. 
Unlike the exact distributions for the rank statistics, this is fairly easy to 

calculate but difficult to tabulate. A good table of this distribution required a 
whole book (Finney et al. 1 963) .  

Fisher ' s  exact test is essentially one sided. We have only considered more 
extreme values in one direction. I t  is not clear what the corresponding devia­
tions in the other direction would be, especially when all the marginal totals 
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are different . This is because the distribution is asymmetrical , unlike those of 
Sections 1 2 .2  to 1 2. 5 .  One solution is to double the one-sided probability to 
get a two-sided test when this is required , but this is more to have uniformity 
with other tests, such as chi-squared , than because two-sided probabilities are 
more meaningful than one-sided ones . 

We can apply this test to Table I 3 . 5 .  The 2 by 2 tables to be tested and their 
probabilities are: 

Table Probability 

1 3  5 0.00 1  378 2 
2 1 2  

1 4  4 0.000 075 7 
1 3  

1 5  3 0.000 001 4 
0 1 4  

The total one-sided probability i s  0.00 1  455 3 ,  which for an approximate 
two-sided test gives 0.0029 . This is considerably bigger than the probability 
for the x2 value of 1 0 .6, which is 0.001 I .  

1 3.6. Yates' continuity correction for the 2 by 2 table 

The discrepancy in probabilities between the chi-squared test and Fisher' s  
exact test arises because we are estimating the discrete distribution of the test 
statistic by the continuous Chi-squared Distribution . A continuity correction 
like those of Section 1 2 .6 ,  called Yates ' correction, can be used to improve 
the fit .  The observed frequencies change in units of one, so we make them 
closer to their expected values by one half. Hence the formula for the cor­
rected chi-squared statistic for a 2 by 2 table is 

2; C I O - E l - IF 
E 

where I 0 - E l means the absolute value or modulus, without sign. For 
Table 1 3 . 5  we have: 

2; ( I 0 - E I - ± )2 
E 

C l 1 3  - 8 .4 1 - IF C l 5 - 9 .6 1 - ±)2 
--'-�����- + ������-

8 .  4 9 .6 
c 1 2 - 6 .6 1 - IF c 1 1 2  - 1 .4 1 - ±>2 

+ + ������-
6. 6 7 .4 

C4 .6 - IF (4.6 - ±)2 
8 .4 

+ 
9 .6  

C4 .6 - IF (4.6 - ±>2 
+ + 

6.6 7 .4  
= 8 .6  
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This has probability 0.0037 ,  which i s  closer to the exact probability, though 
there is still a considerable discrepancy. Of course , at such extremely low 
probabilities any approximation is liable to break down. In the critical area 
between 0 . 1 0  and 0.0 1 ,  the continuity correction usually gives a very good fit 
to the exact probability. 

13.7.  The validity of Fisher's exact test and Yates' 
correction 

There has been much dispute among statisticians about the validity of the 
exact test and the continuity correction which approximates to it . Among the 
more argumentative of the founding fathers of statistical inference, such as 
Fisher and Neyman , this was quite acrimonious . Unfortunately, the problem 
is still unresolved and still generating almost as much heat as light . 

Note that Tables 1 3 . 5  and 1 3 . 6  arose in different ways . In Table 1 3 . 5 ,  the 
column totals were fixed by the design of the experiment and only the row 
totals are from a random variable. In Table 1 3 .6 neither row nor column 
totals were set in advance. Both are from the Binomial Distribution, depend­
ing on the incidence of bronchitis and prevalence of chronic cough in the 
population .  There is a third possibility, that both the row and column totals 
are fixed . This is rare in practice, but it can be achieved by the following 
experimental design. We want to know whether a subject can distinguish an 
active treatment from a placebo. We present him with 1 0  tablets, 5 of each , 
and ask him to sort the tablets into the 5 active and 5 placebo. This would give 
a 2 by 2 table, subject's choice versus truth, in which all row and column 
totals are preset to 5. There are several variations on these types of table, too . 

It can be shown that the same chi-squared test applies to all these cases 
when samples are large. When samples are small ,  this is not necessarily so. A 
discussion of the problem is well beyond the scope of this book , but it suffices 
to say that this is at root of all the conflicting statements which you may come 
across about the validity of various tests of significance in the 2 by 2 table .  

When the row and column totals are fixed, Fisher's exact test and Yates' 
correction are undoubtedly correct. For other cases they may be conserva­
tive , that is, give rather larger probabilities than they should ,  or they may not. 
My own opinion is that Yates' correction and Fisher's exact test should be 
used . If  we must err, it seems better to err on the side of caution. 

1 3.8. McNemar's test for matched samples 

The chi-squared test described above enables us , among other things, to test 
the null hypothesis that binomial proportions estimated from two indepen­
dent samples are the same. We shall close this chapter with the one sample or 
matched sample problem. 
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For example, Holland et al. ( 1 978) obtained respiratory symptom ques­
tionnaires for 1 3 1 9  Kent schoolchildren at ages 1 2  and 1 4. One question we 
asked was whether the prevalence of reported symptoms was different at the 
two ages . At age 1 2 ,  356 (27 per cent) children were reported to have had 
severe colds in the past 1 2  months compared to 468 (35 per cent) at age 1 4 .  
Was there evidence of a real increase? 

Just as in the one-sample or paired I test (Section 1 0 .2) we would hope to 
improve our analysis by taking into account the fact that thi is the same 
sample. We might expect, for instance, that symptoms on the two occasions 
will be related. The method which enables us to do this is McNemar 's  test , 
another version of the sign test. We need to know that 2 1 2  children were 
reported to have colds on both occasions, 144 to have colds at 1 2  but not at 
1 4, 256 to have colds at 1 4  but not at 12 and 707 to have colds at neither age . 
Table 1 3 . 8  shows the data in tabular form . 

Table 13.10. Severe colds reported at two ages for 
Kent schoolchildren (Holland et al. 1 9 78) 

Severe colds at age 14 
Yes No Total 

Severe colds at age 12 Yes 2 12  144 

Total 

No 256 707 

468 851  

356 
963 

1 3 1 9  

The null hypothesis i s  that the proportions saying yes on  the first 
and second occasions are the same, the alternative being that one exceeds 
the other. This is a hypothesis about the row and column totals, quite dif­
ferent from that in Section 1 3  . 1 .  If the null hypothesis were true we would 
expect the frequencies for 'yes, no' and 'no, yes' to be equal . In other 
words as many should go up as down. (Compare this with the sign test, Sec­
tion 9 .2 . )  If we denote these frequencies by Oyn and 0 ny• then the expected fre­
quencies will be (Oyn + Ony)/2. In the same way as Section 1 3 .2  we get the test 
statistic: 

2: (0 - £)2 

E 

( 
Oy,, 

_ Oy,, ; Ony ) 2 
Oyn + Ony 

2 

+ 

which follows a Chi-squared Distribution provided the expected values are 
large enough. There are two observed frequencies and one constraint 
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(Appendix 1 3A. l ) ,  that the sum of the observed frequencies = the sum of the 
expected frequencies . Hence there is one degree of freedom. 

The test statistic can be simplified considerably. Each term in brackets 
simplifies like this: 

Hence the test statistic is 

� (a - £)2 
E 

For Table 1 3 . 8 ,  we have 

( ayn ; any r ( ayn ; any r 
������ + �����-

2 X i X (ayn - any)2 
I 1 (ayn + any) 

(ayn - any)2 
ayn + any 

(ay,, - any)2 
ayn + any 

( 144 - 256)2 
1 44 + 256 

1 1 22 = --
400 = 3 1 .4 

This can be referred to Table 1 3 . 3  with one degree of freedom and is clearly 
highly significant. There was a difference between the two ages. As there was 
no change in any of the other symptoms studied, we thought that this was 
possibly due to an epidemic of upper respiratory tract infection just before 
the second questionnaire. 

There is a continuity correction, again due to Yates. If the observed fre­
quency, ayn• increases by 1 ,  any decreases by I and (ayn - any) increases by 2 .  
Thus, half the difference between adjacent possible values is 1 and we make 
the observed difference nearer to the expected difference (zero) by 1 .  Thus the 
continuity corrected test statistic is 

< I ayn - any I - 1 )2 

ayn + any 
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For Table 1 3 . 8  this is 

{ I a yn - any I - 1 )2 

ayn + any 

( I 1 44 - 256 1 - 1 )2 

144 + 256 
( 1 1 2  - 1 )2 

= 30.8 
400 

There is very little difference because the expected ·values are so large, but i f  
the expected values are smal l ,  say less than 20, the correction is advisable. For 
very small samples , we can taken any as an observation from the binomial dis­
tribution with p = 1 12 and n = ayn + any and proceed as for the sign test in 
Section 9.2 .  

Appendix 13A 

A 1 3 . l .  Why the chi-squared test works 

We noted some of the properties of the Chi-squared Distribution in 
Appendix 7 A. In particular, it is the sum of the squares of a set of indepen­
dent Standard Normal variables, and if we look at a subset of values defined 
by independent linear relationships between these variables we lose one 
degree of freedom for each constraint. It is on these two properties that the 
chi-squared test depends. 

Suppose we did not have a fixed size to our streptomycin experiment, but 
allocated and observed patients as they arrived randomly. Then, in any given 
time interval the number in a given cell of the table would be from a Poisson 
Distribution and the set of Poisson variables corresponding to the cell fre­
quency would be independent of one another. Our table is one set of samples 
from these Poisson Distributions. However, we do not know the expected 
values of these distributions under the null hypothesis; we only know their 
expected values if  the table has the row and column totals we observed . We 
can only consider the subset of outcomes of these variables which has the 
observed row and column totals . The test is said to be conditional on these 
row and column totals . 

The mean and variance of a Poisson variable are equal (Section 6 .  7 ) .  If the 
null hypothesis is true, the means of these variables will be equal to the 
expected frequency calculated in Section 1 3  . 1 .  Thus a, the observed cell fre­
quency, is from a Poisson Distribution with mean E, the expected cell fre­
quency, and standard deviation .J E. Provided E is large enough, this Poisson 
Distribution will be approximately Normal . Hence (a - E)/.JE is from a 
Normal Distribution mean 0 and variance 1 .  Hence if we find 
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this is the sum of  a set of Normally distributed random variables , mean 0 and 
variance I ,  and so is from a Chi-squared Distribution . 

We shall now find the degrees of freedom . Although the underlying vari­
ables are independent, we are only considering a subset defined by the row 
and column totals . Consider the following table: 

Total 

01 1 012 R 1  
021 022 R1 

Total cl C2 N 

The values 01 1 to 022 are the observed frequencies, R1 , R2 the row totals, etc .  
Denote the corresponding expected values by £1 1 to  £22. There are three linear 
constraints on the frequencies : 

01 1 + 012 + 021 + 022 = N 
01 1  + 012 = R1  
01 1  + 021 = C1 

Any other constraint can be made up of these . For example, we must have 

021 + 022 = R1 

This can be found by subtracting the second equation from the first . On the 
left side 

01 1 + 012 + 021 + 022 - (01 1  + 012 ) = 021 + 022 

On the right side 

N - R1 = R2 

Each of these l inear constraints on 011 to 022 is also a linear constraint on 
(01 1 - E1 1 )/.JE1 1 to (022 - £22 )/.J£22 . We can see this by replacing 01 1 by 

(01 1  - E1 1 ) 
.JE1 1  

etc . in the equations . This gives the required linear constraints . 
There are four observed frequencies and so four (0 - E)/.JE variables, 

with three constraints . We lose one degree of freedom for each constraint and 
so have 4 - 3 = I degree of freedom. 

If we have r rows and c columns, then we have one constraint that the sum 
of the frequencies is N. Each row must add up, but when we reach the last row 
the constraint can be obtained by subtracting the first ( r - 1) rows from the 
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grand total . The rows contribute only (r - I )  further constraints . Similarly 
the columns contribute (e - I) constraints. Hence, there being re frequenciei' ,  
the degrees of  freedom are 

re - I - (r - I )  - ( e - I )  = re - I - r + I - e + I 
= re - r - e + I 
= (r - l )(e - I )  

So we have degrees o f  freedom given by the number o f  rows minus one times 
the number of columns minus one. 

1 3A . 2 .  Derivation of the formula for Fisher's exact test 

The derivation of Fisher's formula is not difficult for the algebraically 
minded. Remember that the number of ways of choosing r things out of n 
things (Appendix 6A) is n ! lr ! (n - r) !  Now, suppose we have a 2 by 2 table 
made up of N individuals: 

Total 

01 1  012 R 1 
021 022 R1 

Total cl C2 N 

First, we ask how many ways N individuals can be arranged to give marginal 
totals, R 1 ,  R2, C1 and C2. They can be arranged in columns in N! /C1 ! C2 ! ,  
since we are choosing C1 objects out of N, and in rows N! /R 1 ! R2 ! ways . 
(Remember N - C1 = C2 and N - R1 = R2. )  Hence they can be arranged in 

N! N! 
--- x ---

C1 ! C2 ! R 1 ! R2! 

ways . For example, the table with totals 

can happen in 

4 
4 

5 3 8 

N!N! 

8 !  8 !  
--- x --- = 56 x 70 = 3620 ways 
5 ! x 3 ! 4 ! x 4 ! 

As we saw in Section 1 3 . 5 ,  the columns can be arranged in 70 ways . Now 
we ask, of these ways how many make up the particular table? We are now 
dividing the N into four groups of sizes 01 1 ,  012, 021 and 012 . We can 
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choose the first group in N! /01 1 ! (N - 01 1 ) ! ways , as before. We are now 
left with N - 01 1 individuals, so we can choose 012 in (N - 01 1 ) ! /012 !  
(N - 01 1 - 012 ) !  ways . We are left with N - 01 1 - 012, and so we choose 021 
in (N - 01 1  - 012 ) ! /021 ! (N - 01 1 - 012 - 021 ) !  ways . This leaves 
N - 01 1 - 012 - 021 , which is ,  of course, equal to 022 and so 022 can only be 
chosen in one way. Hence we have altogether: 

N! 
------- x --------- x -----------
011 ! x (N - 01 1 ) !  012 ! x (N - 01 1 - 0,2 ) !  021 ! x (N - 01 1 - 012 - 012 ) !  

N! 
01 1 ! x 012 ! x 021 !  x (N - 01 1 - 012 - 012 ) !  

N! 

because N - 01 1 - 012 - 012 = 022. So out of the 

N! x N! 

possible tables , the given table arises in 

N! 

ways . The probability of this table arising by chance is 

N! 
01 1 ! x 012 ! x 021 ! x 022 ! 

N! x N! 

Exercise 1 3M 

(Each branch is either true or false . )  

1 .  I n  a chi-squared test for a 5 b y  3 contingency table: 

(a) variables must be quantitative; 
(b) observed frequencies are compared to expected frequencies; 

(c) there are 1 5  degrees of freedom; 

(d) at least 1 2  cells must have expected values greater than 5 ;  
(e) all the observed values must be greater than 1 .  
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2. The standard chi-squared test for a 2 by 2 contingency table is not valid 

unless: 

(a) all the expected frequencies are greater than five; 

(b) both variables are continuous; 
(c) at least one variable is from a Normal Distribution; 

(d) all the observed frequencies are greater than five; 

(e) the sample is very large. 

3. In Table 13M. 1 :  

Table 13M.1. Cough first thing in the morning in a group of schoolchildren, a s  
reported b y  the child and b y  the child's parents [Bland et  al. 1 9 79) 

Child's report 
Parents' report Yes No Total 

Yes 29 104 1 33  
No  1 72 5097 5269 

Total 201 520 1 5402 

(a) the association between reports by parents and children can be tested by a 
chi-squared test; 

(b) the difference between symptom prevalence as reported by children and 
parents can be tested by McNemar's test ; 

(c) if McNemar's  test is significant, the contingency chi-squared test is not 
valid; 

(d) the contingency chi-squared test has one degree of freedom; 

(e) it would be important to use the continuity correction in the contingency 
chi-squared test . 

4.  McNemar's test could be used: 

(a) to compare the numbers of cigarette smokers among cancer cases and 
age- and sex-matched healthy controls; 

(b) to examine the change in respiratory symptom prevalence in a group of 
asthmatics from winter to summer; 

(c) to look at the relationship between cigarette smoking and respiratory 
symptoms in a group of asthmatics; 

(d) to examine the change in PEFR in a group of asthmatics from winter to 
summer; 
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(e) to compare the number of cigarette smokers among a group of cancer 
cases and a random sample of the general population. 

5.  Fisher's exact test for a contingency table: 

(a) applies to 2 by 2 tables; 
(b) gives a larger probability than the ordinary chi-squared test ; 
(c) gives about the same probability as the chi-squared test with Yates' con­

tinuity correction; 
(d) is suitable when expected frequencies are small ;  
(e) is difficult to calculate when the expected frequencies are large . 

Exercise 1 3E 

In this exercise we shall look at some data assembled to test the hypothesis 
that there is a considerable increase in the number of admissions to geriatric 

Table 13E.1.  Mean peak daily temperatures for each week from 
May to September of 1 982 and 1 983, with geriatric admissions in 
Wandsworth (Fish et al. 1 985) 

1 982 1 983 

Mean peak Mean peak 
Week temperature (0C) Admissions temperature (0C) Admissions 

1 1 2 .4 24 1 5 . 3  20 
2 1 8 . 2  22 14 .4 1 7  
3 20.4 2 1  1 5 . 5  2 1  
4 1 8 . 8  22 1 5 .6  1 7  
5 25 . 3  24 19 .6  22 
6 23 .2  15  2 1 .6 23 
7 1 8 . 6  2 3  1 8 . 9  20 
8 1 9. 4  2 1  22.0 16 
9 20.6 18 2 1 .0 24 

1 0  23 .4 21  26.5 2 1  
1 1  22.8 1 7  30.4 20 
1 2  2 1 .7  I I  25 .0 25 
1 3  22.5 6 27.3 22 
14 25 . 7  1 0  22.9 26 
1 5  23 .6  1 3  24 . 3  1 2  
1 6  20.4 1 9  26 .5  33 
17  1 9 .6 13 25.0 19 
1 8  20.2 1 7  2 1 .2 2 1  
1 9  22.2 10 1 9.7  28 
20 23 . 3  1 6  16 .6  19  
21  1 8 . 1  24 1 8 .4 1 3  
22 1 7 . 3  1 5  20.7 29 
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wards during heatwaves . Table 1 3E. l shows the number of admissions to 
geriatric wards in a health district for each week during the summers of 1 982,  
which was cold,  and 1 983 ,  which was hot . Also shown are the average of  the 
daily peak temperatures for each week. 

1 .  When do you think the heatwave began and ended? 

2. How many admissions were there during the heatwave and in the cor­
responding period of 1 982? Would this be sufficient evidence to conclude 
that heatwaves produce an increase in admissions? 

3 .  We can use the periods before and after the heatwaves weeks as controls 
for changes in other factors between the years. Divide the years into three 
periods - before, during, and after the heatwave - and set up a two-way 
table of numbers of admissions, period by year . 

4. We can use this table to test for a heatwave effect . State the null 
hypothesis and calculate the frequencies expected if the null hypothesis were 
true. 

5. Test the null hypothesis. What conclusions can you draw? 

6. What other information could be used to test the relationship between 
heatwaves and geriatric admissions? 



1 4 .  Choosing the statistical 
method 

14.1.  Method-orientated and problem-orientated teaching 

Most statistical textbooks are method orientated. They present related statis­
tical methods together, rather than related statistical problems. This book is 
no exception. Thus the comparison of two groups is dealt with in Sections 
8 . 5 ,  8 .6 ,  9 .7 ,  9 . 8 ,  1 0 . 3 ,  1 2 .2,  1 3 . 1 ,  1 3 . 5 ,  and 1 3 .6 ,  depending on whether the 
sample is large or small, the data Normally distributed, ordinal , nominal or 
dichotomous .  On the other hand, all the methods involving rank statistics are 
together in Chapter 1 2 .  This structure is almost dictated by the subject 
matter, as it is easier to introduce some methods in the context of one 
problem, others in another . The use of the t Distribution, for example, is 
easier to introduce with the one-sample problem, but rank methods seem to 
me more obvious in the two-sample comparison. 

This leads to difficulties for two groups of readers: the applier of statistics 
searching for the right method of analysis for the data and the student trying 
to answer a question in an exam . This and the next two chapters use a 
problem-orientated approach instead. We start with the problem and 
develop the statistical method required for its solution . Chapter 1 5  deals with 
some problems in clinical medicine and Chapter 16 mainly with problems in 
population study. In this chapter we deal with the three most common 
problems in statistical inference: 

(a) comparison of two independent groups of subjects, for example, two 
groups of patients given different treatments; 

(b) comparison of the response of one group under different conditions, as 
in a cross-over trial , or of matched · pairs of subjects, as in some case­
control studies; 

(c) investigation of the relationship between two variables measured on the 
same sample of subjects . 

This chapter acts as a sort of map of the methods described in Chapters 8- 1 3 .  
As we discussed i n  Section 1 2 .  7 ,  there are often several different approaches 
to even a simple statistical problem. The methods described here and recom­
mended for particular types of question may not be the only methods, and 
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may not always be universally agreed as the best method. Statisticians are at 
least as prone to disagree as clinicians. However, these would usually be con­
sidered as valid and satisfactory methods for the purposes for which they are 
suggested here. 

14.2.  Types of data 

The study design is one factor which determines the method of analysis, the 
variable being analysed is another. We shall therefore classify variables into 
five types as follows . 

(a) Interval scales The interval or distance between points on the scale 
has precise meaning, and a change in one unit at one scale point is the same as 
a change in one unit at another. For example, temperature and time are 
interval scales, whereas anxiety score calculated from a questionnaire is not. 
We can add and subtract on an interval scale. 

(b) Ordinal scale The scale enables us to order the subjects, from that 
with the lowest value to that with the highest. Any ties which cannot be 
ordered are assumed to be because the measurement is not sufficiently 
precise. 

(c) Ordered nominal scale We can group subjects into several categories, 
which have an order. For example, we can ask patients if  their condition is 
much improved, improved a little, no change, a little worse, much worse. 

(d) Nominal scale We can group subjects into categories which need not 
be ordered in any way. Eye colour is measured on a nominal scale. 

(e) Dichotomous scales Subjects are grouped into only two categories, 
for example: survived or died. This is a special case of the nominal scale. 

Clearly these classes are not mutually exclusive, and an interval scale is also 
ordinal . Sometimes it is useful to apply tests for a lower level of measure­
ment , ignoring some of the information. 

Interval scales allow us to calculate means and variances, and to find 
standard errors and confidence intervals for these. For example, in compar­
ing two groups we can find the difference in mean between them, and 
estimate limits within which this should lie in the population from which the 
sample was drawn. This is clearly a great advantage over simply saying a dif­
ference is l ikely to exist, or that it may not. In particular, if a difference is 'not 
significant' we want to know what the maximum size of the difference could 
reasonably be expected to be. 

For large samples , the estimation of confidence intervals presents no 
problem, as the means will be Normally distributed and the variances reason­
ably good estimates of their population values . For small samples , say less 
than 1 00 in a sample, we must assume that the observations themselves are 
from a Normal Distribution .  Many interval scales do follow a Normal Distri­
bution, and if  not they can often be made to do so by a suitable transforma-
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tion . Provided the assumption of a Normal Distribution is valid, methods 
based on this are the most powerful available. If Normal assumptions do not 
apply, methods based on ranks can be used . 

For the ordinal and lower levels of measurement , most simple analyses 
produce tests of significance only which, as we have indicated , are less satis­
factory . The only exception so far discussed is the confidence interval for the 
difference between two proportions. 

14.3. Comparing two groups 

The methods used for comparing two groups are summarized in Table 1 4 . 1 .  
(a) Interval data For large samples, say more than 50 in each group, con­

fidence intervals for the mean can be found by the Normal approximation 
(Section 8 .5 ) .  For smaller samples , confidence intervals for the mean can be 
found using the t Distribution provided the data follow . or can be trans­
formed to a Normal Distribution (Section 10 . 3 ,  10 .4) .  I f not, a significance 
test of the null hypothesis that the means are equal can be carried out using 
the Mann-Whitney U test (Section 1 3 . 1 ) .  This can be useful when the data are 

Table 14.1. Methods for comparing two samples 

Type of data 

Interval 

Ordinal 

Nominal, ordered 

Nominal, not 
ordered 

Dichotomous 

Size of sample 

large, > 50 each 
sample 

small, < 50 each 
sample, with 
Normal Distribution 

small, < 50 each 
sample, non-Normal 

any 

large, most expected 
frequencies > 5 

large, most expected 
frequencies > 5 

small, more than 20% 
expected frequencies 
< 5 

large, all expected 
frequencies > 5 

small, at least one 
expected frequency 
< 5 

Method 

Normal Distribution 
for means 

t Distribution for 
means 

Mann-Whitney U test 

Mann-Whitney U test 

chi-squared for 
trend 

chi-squared test 

reduce number of 
categories by 
combining or 
excluding as 
appropriate 

Confidence interval 
for proportions, 
chi-squared test 

chi-squared test 
with Yates' 
correction, 
Fisher's exact test 

Section 

(8 .5 ,  9 .7)  

( 1 0 .3)  

( 1 2 .  I )  

( 1 2 . 1 )  

( 1 3 .4) 

( 1 3 .  I )  

( 1 3 . 2) 

(8 .6,  9 .8)  
( 1 3 . 1 )  

( 1 3 .6) 
( 1 3 .5)  
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censored, that is ,  there are values too small or too large to measure. This 
happens , for example, when concentrations are too small to measure and are 
labelled 'not detectable' . 

Provided that data are Normally distributed, it is possible to compare the 
variances of the groups . This is done by the F test, not included in this book 
(see Armitage 1 97 1 ;  Snedecor and Cochran 1 980) . 

(b) Ordinal data The tendency for one group to exceed members of  the 
other is tested by the Mann-Whitney U test (Section 1 2 . 1 ) .  

(c) Ordered nominal data First the data are set out as a two-way table, 
one variable being group and the other the ordered nominal data. A chi­
squared test (Section 1 3 . 1 )  will test the null hypothesis that there is no rela­
tionship between group and variable, but takes no account of the ordering. 
This is done by using the chi-squared test for trend, which takes the ordering 
into account and provides a much more powerful test (Section 1 3 .4) . 

(d) Nominal data Set the data out as a two-way table as described in (c) 
above. The chi-squared test for a two-way table is the appropriate test (Sec­
tion 1 3  . 1 ) .  The condition for validity of the test , that at least 80 per cent of the 
expected frequencies should be greater than 5, must be met by combining or 
deleting categories as appropriate (Section 1 3 .2). If  the table reduces to a 2 by 
2 table without the condition being met, use Fisher's exact test as described in 
(e) below. 

(e) Dichotomous data For large samples, either present the data as two 
proportions and use the Normal approximation to find the confidence 
interval for the difference (Section 8 .6), or set the data up as a 2 by 2 table and 
do a chi-squared test (Section 1 3 . 1 ) .  These are equivalent methods. If the 
sample is small , the fit to the Chi-squared Distribution can be improved by 
using Yates ' correction (Section 1 3 .6) . Alternatively, use Fisher ' s  exact test 
(Section 1 3 .5 ) .  

14.4. One sample and paired samples 

Methods of analysis for paired samples are summarized in Table 1 4 .2 .  
(a) Interval data Inferences are on differences between the variable as 

observed on the two conditions . For large samples, say > 100, the confidence 
interval for the mean difference is found using the Normal approximation 
(Section 8 .3 ) .  For small samples, provided the differences are from a Normal 
Distribution, use the paired t test (Section 1 0 .2). This assumption is often 
very reasonable, as most of the variation between individuals is removed and 
random error is largely made up of measurement error. Furthermore, the 
error is the result of two added measurement errors and so tends to Normality 
anyway. If not , transformation of the original data will often Normalize 
differences (Section 10 .4). If no assumption of Normality can be made, 
use the Wilcoxon signed-rank matched-pairs test (Section 12 .2) .  Here the 
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Table 14.2. Methods for differences in one or paired sample 

Type of data 

Interval 

Ordinal 

Nominal , ordered 

Nominal 

Dichotomous 

Size of sample 

large, > 1 00 

small, < 1 00, Normal 
differences 

small, < 1 00, 
non-Normal 
differences 

any 

any 

any 

any 

Method 

Normal Distribution 

Paired t method 

Wilcoxon matched-pairs 
test 

sign test 

sign test 

see Maxwell ( 1 970) 

McNemar's test 

assumption is that the differences are ordinal . 
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Section 

(8 .3)  

( 1 0 .2) 

( 1 2 .2) 

(9.2) 

(9.2) 

(not in book) 

( 1 3 .8) 

It is rarely asked whether there is a difference in variability in paired data. 
This can be tested by finding the differences between the two conditions and 
their sum. Then if  there is no change in variance the correlation between dif­
ference and sum has expected value zero . This is by no means obvious, but it 
is true. Think about it. 

(b) Ordinal data If  the data do not form an interval scale, as noted in 
Section 14.2 the difference between conditions is not meaningful .  However, 
we can say what direction the difference is in, and this can be examined by the 
sign test (Section 9.2) .  

(c) Ordered nominal data Use the sign test , with changes in one direction 
being positive, in the other negative, no change as zero (Section 9 .2) .  

(d) Nominal data With more than two categories , this is  difficult . There 
is a test (see Maxwell 1 970). The calculation is difficult , as it involves invert­
ing a matrix, so I have not included it. It is a generalization to more than two 
categories of McNemar's test (Section 1 3 . 8) .  

(e) Dichotomous data Here we are comparing the proportions of indi­
viduals in a given state under the two conditions. The appropriate test is 
McNemar's test (Section 1 3 .8 ) .  

14.5.  Relationship between two variables 

The methods for studying relationships between variables are summarized in 
Table 1 4 . 3 .  Relationships with dichotomous variables are studied as the dif­
ference between two groups in Section 14 . 3 ,  the groups being defined by the 
two states of the dichotomous variable. Dichotomous data have been 
excluded from this section . 

(a) Interval and interval data Two methods are used : regression and 



Table 14.3. Methods for relationships between variables 

Interval 
Normal 

Interval, 
non-Normal 

Ordinal 

Nominal, 
ordered 

Nominal 

Dichotomous 

Interval, 
normal 

regression ( 1 1 .3)  
correlation ( 1 1 .  l 0) 

I nterval, 
non-Normal Ordinal 

regression ( 1 1 . 3 )  rank 
rank correction correlation 
( 1 2 . 3 ,  1 2.4) ( 1 2 . 3 ,  1 2.4) 

rank rank 
correlation correlation 
( 1 2 . 3 ,  1 2 .4) ( 1 2 . 3 ,  1 2.4) 

rank 
correlation 
( 1 2 . 3 ,  1 2.4) 

Nominal , 
ordered 

rank 
correlation 
( 1 2.4) 

rank 
correlation 
( 1 2 .4) 

rank 
correlation 
( 12 .4) 

chi-squared 
test for 
trend 
( 1 3 .4) 

Nominal 

analysis of 
variance 
(not in  
book) 

analysis of 
variance by 
ranks (not 
in book) 

analysis of 
variance by 
ranks (not 
in book) 

chi-squared 
test ( 1 3 . 1 )  

chi-squared 
test ( 1 3 . 1 )  

Dichotomous 

I test ( 1 0.3 )  
Normal test (8 .5 )  

large sample 
Normal test (8 .5) 
Mann-Whitney 
U test ( 1 2 . 1 )  

Mann-Whitney 
U test ( 1 2. l )  

Chi-squared 
test for trend 
( 1 3  .4) 

chi-squared 
test ( 1 3 . 1 )  

chi-squared 
( 1 3 .  l ,  1 3 .6) 
Fisher's exact 
test ( 1 3 .5) 

N 
'l 
0 

9 
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correlation . Regression (Sections 1 1 . 3 ,  1 1 . 5) i s  usually preferred, as  i t  gives 
information about the nature of the relationship as well as about its existence. 
Correlation (Section 1 1 . 1 0) measures the strength of the relationship . For 
regression, residuals about the line must be Normally distributed with 
uniform variance . The correlation coefficient requires an assumption that 
both variables follow a Normal Distribution, but to test the null hypothesis 
only one variable needs to be Normally distributed . 

If neither variable can be assumed to be Normally distributed nor trans­
formed to it (Section 1 1 .8) ,  use rank correlation (Sections 1 2 . 3 ,  1 2 .4) . 

(b) Interval and ordinal data Rank correlation coefficient (Sections 
12 . 3 ,  1 2.4) . 

(c) Interval and ordered nominal data This can be approached by rank 
correlation, using Kendall 's 7 (Section 1 2 .4) because it copes with the large 
number of ties better than does Spearman's p, or by analysis of variance as 
described in (d) below. The latter requires an assumption of Normal Distribu­
tion and uniform variance for the interval variable. These two approaches are 
not equivalent. 

(d) Interval and nominal data If  the interval scale is Normally distri­
buted, use one-way analysis of variance. This is not included in this book (see 
Armitage 1 97 1 ;  Snedecor and Cochran 1980) . The assumption is that within 
categories the interval variable is Normally distributed with uniform 
variance. If  this assumption is not reasonable, use analysis of variance by 
ranks ,  which has also been omitted (see Seigel 1 956; Conover 1 980) . 

(e) Ordinal and ordinal data Use a rank correlation coefficient, 
Spearman's p (Section 1 2 .3 )  or Kendall ' s  7 (Section 1 2 .4). Both will give very 
similar answers for testing the null hypothesis of no relationship in the 
absence of ties . For data with many ties and for comparing the strengths of 
different relationships, Kendall 's 7 is preferable. 

(f) Ordinal and ordered nominal data Use Kendall 's rank correlation 
coefficient, 7 (Section 1 2 .4). 

(g) Ordinal and nominal data Use one-way analysis of variance by 
ranks, not included in this book (see Seigel 1 956; Conover 1 980) . 

(h) Ordered nominal and ordered nominal data Use chi-squared for 
trend (Section 1 3 .4) . 

(i) Ordered nominal and nominal data Use the chi-squared test for a 
two-way table (Section 1 3 . 1 ) .  

( j )  Nominal and nominal data Use the chi-squared test for a two-way 
table (Section 1 3 . 1 ) , provided the expected values are large enough. Other­
wise use Yates ' correction (Section 1 3 .6) or Fisher' s  exact test ( 1 3 .5 ) .  
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Exercise 14M 

(Each branch is either true or false . )  

1 .  The following variables have interval scales o f  measurement: 

(a) height ; 

(b) presence or absence of asthma; 

(c) Apgar score; 

(d) age; 

(e) forced expiratory volume. 

2. The following methods may be used to investigate a relationship between 

two continuous variables: 

(a) paired t test ; 

(b) the correlation coefficient , r; 

(c) simple l inear regression; 

(d) Kendall ' s  T; 
(e) Spearman's p. 

3. Ten men were given a drug and a placebo on alternate days in random 

order. The exact time for which the patients could exercise until angina 

or fatigue stopped them was measured . Methods which could be used to 

investigate the existence of a treatment effect include: 

(a) Mann-Whitney U test; 

(b) paired t method; 

(c) sign test ; 

(d) Normal confidence intervals for the mean difference; 

(e) Wilcoxon matched-pairs test . 

4.  When analysing categorical variables the following statistical methods 

may be used: 

(a) simple linear regression; 

(b) correlation coefficient, r; 

(c) paired t test ; 
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(d) Kendall ' s  T ;  
(e) chi-squared test . 

5.  To compare levels of a continuous variable in two groups, possible 

methods include: 

(a) the Mann-Whitney U test; 

(b) Fisher's exact test ; 

(c) a t  test; 

(d) Wilcoxon matched-pairs test ; 
(e) the sign test. 

Exercise 14E 

In  this exercise we shall look at a number of statistical problems. The object is 
not to carry out calculations, but to decide which statistical method is appro­
priate. If you wish, you can carry out the calculations for practice, but only 
brief solutions are given. Sometimes more than one of the methods discussed 
in this book are possible, as well as others which we have not discussed . 

1 .  In  a cross-over trial to compare two appliances for ileostomy patients, 
of 14 patients who received system A first, 5 expressed a preference for A, 9 
for system B and none had no preference. Of the patients who received 
system B first, 1 preferred A, 5 preferred B and 4 had no preference. How 

Table 14E.1.  Gastric pH and urinary nitrite concentrations in 2 6  subjects (Hall 
and Northfield 1 985} 

pH Nitrite pH Nitrite 

5 . 7 1  2 1 .9 5 . 55  83 .8  
5 . 1 8  0.0 1 .93 7. 1 3  
2 .94 6.53 2 . 1 7  1 .48 
2 . 1 1  0 . 1 9  4.94 55.6 
6 .03 19 .5  2.03 1 5 . 7  
2 .64 2 . 33 2.73 52 
4 .07 22.7 1 .94 12 . 1 
5 . 86 3 .26 1 . 72 1 .64 
4 .9 1  1 7 . 8  5 . 3 1  43.9 
2 . 1 7  9 .36 5 .29 50.6 
5 .5  35 .2  5 .90 63.4 
5 . 9 1  8 1 .2 5 .77 48.9 
5 . 59 8 1 .8 5 .59 52.5 
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would you decide whether one treatment was preferable? How would you 
decide whether the order of treatment influenced the choice? 

2. Table 14E .  l shows the pH and nitrite concentrations in samples of 
gastric fluid from 26 patients. A scatter diagram is shown in Fig. 1 4E .  l .  How 
would you assess the evidence of a relationship between pH and nitrite con­
centration? 

100 

80 
Ill 

+! 60 
. .... 
L +! 40 

z 

20 

0 

�* 
* 

* * *� * 
* 

* * * * 
* * 

1 2 3 4 5 6 7 
pH 

Fig. 14E.1 Gastric pH and urinary nitrite. 

3 .  There is some concern about the number of instrumental deliveries 
experienced by women receiving epidural anaesthesia during labour. It is 
hoped that an improved epidural regime will reduce this . How do you decide 
how many women will be needed for a trial? 

4 .  In a trial of screening and treatment for mild hypersion (Reader et al. 
1 980), 1 1 38  patients completed the trial on active treatment, with 9 deaths, 
and 1 080 completed on placebo, with 1 9  deaths. A further 5 83 patients 
allocated to active treatment withdrew, 6f whom 6 died, and 626 allocated to 
placebo withdrew, of whom 1 6  died during the trial period. How would you 
decide whether screening and treatment for mild hypertension reduces the 
risk of dying? 

5 .  Burr et al. ( 1 976) tested a procedure to remove house-dust mites from 
the bedding of adult asthmatics in attempt to improve subjects' lung func­
tion, which they measured by PEFR. The trial was a two-period cross-over 
design, the control or placebo treatment being thorough dust removal from 
the living room. The mean PEFRs in the 32 subjects were: 

active treatment: 
placebo treatment: 

335 litre/min, s .e .  1 9 . 6  litre/min 
329 litre/min, s .e .  = 20. 8  litre/min 



differences within 
subjects (treatment -

Exercise 14E 

placebo) : 6.45 litre/min, s .e .  = 5 .05 litre/min 

How would you decide whether the treatment improves PEFR? 
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6 .  Table 1 4E .2  shows the relationship between age of onset of asthma in  
children and maternal age a t  the child ' s  birth. How would you test whether 
these were related? The children were all born in one week in March, 1 958 .  
Apart from the possibility that young mothers in general tend to have 
children prone to asthma, what other possible explanations are there for this 
finding? 

Table 14E.2. Asthma or wheeze by mater­
nal age 

Mother's age at child's bith 

AW reported 1 5- 1 9  20-29 30 + 

Never 261 401 7  2 1 46 
Onset by age 7 103 984 487 
Onset from 8 to 1 1  27 189 95 
Onset from 1 2  to 1 6  20 1 57 67 

7 .  The lung function of 79 children with a history of hospitalization for 
whooping cough and 1 78 children without a history of whooping cough, 
taken from the same school classes, was measured . The mean transit time for 
the whooping cough cases was 0.49 s (s .d .  = 0. 14  s) and for the controls 
0.47 s (s .d .  = 0. 1 1  s), ( Johnston et al. 1 983) .  Was there a difference in lung 
function between children who had had whooping cough and those who had 
not? Each case had two matched controls. If you had all the data, how could 
you use this information? 
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1 5 . 1 .  Repeatability and precision in measdrement 

In  this chapter we shall look at a number of problems associated with clinical 
measurement. These include how precisely we can measure, how different 
methods of measurement can be compared, how measurements can be used 
in diagnosis, and how to deal with incomplete measurements of survival . 

We have already discussed some factors which may produce bias in mea­
surements (Sections 2 .7 ,  2 .8 ,  3 .9) . We have not yet considered the natural 
biological variability, in subject and in measurement method, which may 
lead to measurement error. For example, in the measurement of blood pres­
sure we are dealing with a quantity that varies continuously, not only from 
heart beat to heart beat but from day to day, season to season, and even with 
the sex of the measurer. The measurer, too, will show variation in the percep­
tion of the sound and reading of the manometer. Because of this, most 
clinical measurements cannot be taken at face value without some considera­
tion being given to their error . 

The measurement of measurement error is not difficult in principle . To do 
it we need a set of duplicate readings, obtained, say, by measuring each 
member of a sample of subjects twice. We can then estimate the standard 
deviation of repeated measurements on the same subject, which is one 
possible method of representing measurement error . If the pairs of measure­
ments are X; and Y; for i = 1 to n, the best estimate of the error standard 
deviation (see Appendix 1 5A) is given by 

S = � 2� � (X; - y;)2 

Table 1 5 .  l shows some replicated measurements of peak expiratory flow 
rate, made with a Wright Peak Flow Meter (see Section 10.2) .  It also shows 
the differences between the first and second measurements and their sum of 
squares. We get a very small mean difference, of 4.9 litre/min, suggesting 
that there is little tendency for the second or first reading to be larger. The 
standard deviation of the measurement error is 1 5  litre/min, to two signifi­
cant figures . There are a number of ways in which the measurement error 
may be presented to the user of the measurement. It may be as the standard 
deviation calculated above, or it may be, as recommended by the British 
Standards Institution ( 1 979), the value below which the difference between 
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Table 15.1.  Pairs of readings made with a Wright Peak Flow 
Meter on 1 7  healthy volunteers, with the calculation of 
repea ta bili ty 

Subject First PEFR Second PEFR Difference 
number (litre/min) (litre/min) First - Second squared 

I 494 490 4 1 6  
2 395 397 - 2  4 
3 5 1 6  5 1 2  4 1 6  
4 434 40 1 33 1 089 
5 476 470 6 36 
6 557 6 1 1  - 54 29 1 6  
7 4 1 3  4 1 5  - 2  4 
8 442 43 1 1 1  1 2 1  
9 650 638 1 2  1 44 

1 0  433 429 4 1 6  
I I  4 1 7  420 - 3  69 
1 2  656 633 23 529 
1 3  267 275 - 8  64 
1 4  478 492 - 1 4 1 96 
1 5  1 78 1 65 1 3  1 69 
1 6  423 372 5 1  2601 
1 7  427 42 1 6 36 

Total 15 228 84 7966 

Mean 447 .9 4 .9 
Total/Zn = s2 234.3 
s 1 5 . 3  
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two measurements will l i e  with probability 0.95 .  Provided the measurement 
errors are from a Normal Distribution, this is estimated by 1 .96 x .J(2s2), or 
2 . 8s. 

It may also be reported as the coefficient of variation, which is the standard 
deviation divided by the mean, often multiplied by 100 to give a percentage. I 
do not like this statistic much, as its value depends on both the standard 
deviation and the mean. Small means produce large coefficients of variation.  
For our data the coefficient of variation is 1 5 . 3/447 .9 = 0.034 or 3 .4 per 
cent . The difference between the observed value, with measurement error, 
and the subject' s  true value will be at most two standard deviations with 
probability 0 .95 , provided the sample is large enough, and so we may have 
the accuracy quoted as to within 2s, 2 x 1 5 .3 = 30 litre/min, or 
2 x 1 5 .3 /447 . 9  = 0.068 , or 7 per cent .  The trouble with quoting the error as a 
percentage is that 7 per cent of the smallest observation, 1 65 litres , is only 1 2  
litre/min,  compared t o  7 per cent o f  the largest , 656, which i s  46 litre/min.  
This is not a good method if  the range is  great compared to the size of the 
smallest observations and the error does not depend on the value of the mea­
surement . It is a good method if the standard deviation is proportional to the 
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Fig. 15.1 Absolute difference versus mean for 17 pairs of Wright peak flow 
meter measurements. 

mean . In that case a logarithmic transformation can be used, and the antilog 
of two standard deviations gives the number corresponding to 0.068 in the 
example. If we multiply this by 100, it will give the measurement error as a 
percentage of the measurement wherever we are on the scale. The use of 
logarithmic transformations is discussed in Section 10.4. 

We should check to see whether the error does depend on the value of  the 
measurement, usually being larger for larger values . We can do this by 
plotting a scatter diagram of the absolute value of the difference and the sum 
or mean of the two observations (Fig. I 5 .  I) . For the PEFR data, there is no 
obvious relationship. We can check this by calculating a correlation (Section 
I I .  I O) or rank correlation coefficient (Sections I 2.4, I 2.5 ) .  For Fig. I 5 .  I we 
have r = 0.20, p = 0.4, so there is little to suggest that the measurement error 
is related to the size of the PEFR. 

15;2.  Digit preference 

One of the constraints on the accuracy of measurement is the measurement 
instrument itself. A clinical thermometer might be graduated in fifths of a 
degree, and attempts to read temperature to a tenth of a degree will be at best 
approximations. Even reading to the nearest fifth of a degree may be suspect, 
as it will often be difficult to decide whether a point between two divisions is 
nearer one line or another . This is complicated by the fact that most of us 
under these circumstances tend to prefer some terminal digits over others . In 
Table I 5 .  I there is little evidence of this and only 9 seems at all under­
represented. Table I 5 .2 shows corresponding data, obtained for the same 
subjects at the same time, using a different instrument, the Mini Wright Peak 
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Table 15.2 .  Pairs of  readings made with a mini-Wright Peak Flow Meter on 1 7  
healthy volunteers 

Subject First PEFR Second PEFR 
number (l i tre/min) (l i tre/min) 

I 5 1 2  525 
2 430 4 1 5  
3 520 508 
4 428 444 
5 500 500 
6 600 625 
7 364 460 
8 380 390 
9 658 642 

IO  445 432 
I I  432 420 
1 2  626 605 
1 3  260 227 
14  477 467 
1 5  259 268 
1 6  350 370 
1 7  45 1 443 

Flow Meter, an instrument with a cruder scale. Table 1 5 . 3  shows the terminal 
digits of the readings in Tables 1 5  . 1  and 1 5  .2 .  Clearly 0, 2, 5, 7 and 8 are pre­
ferred in Table 1 5  .2 ,  a trend just discernable in Table 1 5  . 1  also, where these 
make up 20 of the 34 rather than the 17 expected . This is despite the measurer, 
myself, being fully aware of the possibility of digit preference. Table 1 5 . 3  
also shows the last digits o f  the 5 7  FEV l measurements i n  Table 4 . 5 .  These 
were each measured by a different student, and the vast excess of zeros is due 
in part to some recording the answer to only one decimal place. Even so, the 
lack of 'ones' is clear. 

Table 15.3 .  Terminal digits of three 
sets of observations 

Table 1 5 . 1  Table 1 5 . 2  Table 4.5 

0000 000000000000 0000000000000 
0000000000000 

1 1 1 1  I 
2222 2222 22 
3333 3 33 
44 44 444444 
5555 55555 5555 
666 6 666 
77777 777 7777 
888 8888 888888 
9 9 999 
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Does digit preference matter? It does if differences in the lase digit are of 
importance to the outcome, as it might be in Table 1 5 . 1 ,  where we are dealing 
with the difference between two similar numbers . Because of this it is a mis­
take to have one measurer take readings under one set of conditions and a 
second under another, as their degree of digit preference may differ. It is also 
important to agree the number of figures to be recorded and to ensure that 
instruments have sufficiently fine scales for the job in hand. The last digit in 
Table 1 5 .2  is almost meaningless, for example. Of course, for clinical pur­
poses and in view of the measurement error, this does not matter. 

15.3 .  Comparing two methods of measurement 

In clinical measurement, most of the things we want to measure - hearts, 
lungs, livers and so on - are deep within living bodies and out of reach . This 
means that many of the methods we use to measure them are indirect and we 
cannot be sure how closely they are related to what we really want to know . 
When we develop a new method of measurement, rather than compare its 
outcome to a set of known values we must often compare it to another 
method just as indirect. This is a common type of study, and one which is 
often badly done (Bland and Altman 1 986). 

Tables 15 . 1  and 1 5  . 2  show measurements of PEFR by two different 

Table 15.4. Comparison of two methods of 
measuring PEFR 

Subject PEFR (litre/min) 
number Wright meter Mini-meter Difference 

I 494 5 1 2  - 1 8 
2 395 430 - 35 
3 5 1 6  520 - 4  
4 434 428 6 
5 476 500 - 24 
6 557 600 - 43 
7 4 1 3  364 49 
8 442 380 62 
9 650 658 - 8  

I O  433 445 - 1 2 
1 1  4 1 7  432 - 1 5 
1 2  656 626 30 
1 3  267 260 7 
1 4  478 477 I 
1 5  178  259 - 8 1  
1 6  423 350 73 
1 7  427 45 1 - 24 

Total - 36 
Mean 2 . 1  
Standard deviation 38 .8 
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methods . For simplicity, we shall use only one measurement by each method 
in the following (Table 1 5 .4). We could make use of all the data by using the 
average for each method, but this introduces an extra stage in the calculation.  
Bland and Altman ( 1 986) give details .  
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Fig. 15.2 PEFR measured by two different instruments. 

The first step in the analysis is to plot the data on a scatter diagram 
(Fig . 1 5 .2) . If we draw the line of equality, along which the two measure­
ments would be exactly equal, this gives us an idea of the extent to which the 
two methods compared . This is not the best way of looking at data of this 
type, because much of the graph is empty space and the interesting informa­
tion is clustered along the line. A better approach is to plot the difference 
between the methods against the sum or average. This time the sign of the dif­
ference is important, as there is a possibility that one method may give higher 
values than the other and this may be related to the true value we are trying to 
measure. This plot is shown in Fig. 1 5  . 3 ,  together with a histogram of the dif­
ferences . There is no clear evidence of a relationship between difference and 
mean, and we can check this by a test of significance using the correlation 
coefficient . We get r = 0. 19 ,  p = 0 .5 .  There is little evidence of overall bias, 
the mean difference being close to zero . We can find a confidence interval for 
the mean difference as described in Section 10 .2 .  The differences have a mean 
of - 2. 1  l itre/min, and a standard deviation of 38 .87 .  The standard error of 
the mean is thus s/-J n = 38 .8/-J 17  = 9.41 litre/min and the corresponding 
value of t with 16 degrees of freedom is 2 . 1 2 . The 95 per cent confidence 
interval for the bias is thus - 2 . 1  ± 2 . 1 2  x 9.41 = - 22 to + 1 8  l i tre/min. 
Thus on the basis of these data we could have a bias of as much as 22 
litre/min, which could be clinically important. The original comparison of 
these instruments used a much larger sample and found that any bias was very 
small (Oldham et al. 1 979) . 
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Fig. 15.3 Difference versus mean for PEFR measured by two different 
instruments. 

The standard deviation of the differences between measurements made by 
the two methods provides a good index of the comparability of the methods. 
If we can estimate the mean and standard deviation reliably, with small 
standard errors , we can then say that the difference between methods will be 
at most two standard deviations on either side of the mean except with a small 
probability . We can check how closely the differences follow a Normal Dis­
tribution from their histogram. 

The standard deviation of the differences is estimated to be 38 .8  litre/min 
and the mean is - 2 litre/min. Two standard deviations is therefore 78 
litre/min. The reading with the mini-meter is expected to be 80 litres below to 
76 litres above for most subjects .  Certainly on the basis of these data we 
would not conclude that the two methods are comparable or chat the mini-
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meter could reliably replace the Wright peak flow meter . As remarked in Sec­
tion 10 .2 ,  this meter had received considerable wear . 

15.4.  Sensitivity and specificity 

One of the main purposes of making clinical measurements is to aid in 
diagnosis . This may be to identify one of several possible diagnoses in a 
patient, or to find people with a particular disease in an apparently healthy 
population . The latter is known as screening. In either case the measurement 
provides us with a test which we may be able to compare later with a true 
diagnosis . The test may be based on a continuous variable and the disease 
indicated if it is above or below a given level, or it may be a qualitative 
observation such as carcinoma in-situ cells on a cervical smear. In either case 
we shall call the test positive if it indicates the disease and negative if not , and 
the diagnosis positive if the disease is later confirmed, negative if not . 

How do we measure the effectiveness of the test? Table 1 5 . 5 shows three 
artificial sets of test and diagnosis data. We collld take as an index of test 

Table 15.5.  Some artificial test and diagnosis data 

True diagnosis 

Test I Positive Negative Total 

positive 4 5 9 
negative I 90 9 1  

Total 5 95 J OO 

True diagnosis 

Test 2 Positive Negative Total 

positive 0 0 0 
negative 5 95 J OO 

Total 5 95 J OO 

True diagnosis 

Test 3 Positive Negative Total 

positive 2 0 2 
negative 3 95 98 

Total 5 95 J OO 
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effectiveness the proportion giving the true diagnosis from the test. For Test 1 
in the example it is 94 per cent . Now consider Test 2, which always gives a 
negative result. Test 2 will never detect any cases of the disease. We are now 
right for 95 per cent of the subjects ! However, the first test is useful ,  in that it 
detects some cases of the disease, and the second is not, so this is clearly a 
poor index. We could use a coefficient of agreement , for example the number 
positive on both tests over the number positive on at least one test . For Test 1 
this is 4/(4 + 5 + 1 )  = 0.4; for Test 2 it is 0/(0 + 0 + 5) = 0. This is better, but 
still not good enough. Compare Test 3, which has the same coefficient of 
agreement as Test 1 ,  2/(2 + 0 + 3) = 0.4. However, Test 3 is not as good as 
Test 1 in one respect: it only detects 2 of the 5 true positives, compared to 4 .  
On the other hand, it is a better test in another way: i t  does not diagnose as 
positive any true negatives . 

There is no one simple index which enables us to compare different tests in 
all the ways we would l ike. This is because there are two things we need to 
measure. One is how good the test is at finding true positives i .e .  those with 
the condition . The other is how good the test is at excluding true negatives, 
i . e .  those who do not have the condition . The indices conventionally 
employed to do this are: 

. . . true + ve who are also test + ve 
sens1t1v1ty = ------------­

all true + ve 
true - ve who are also test - ve 

specificity = ------------­
all true - ve 

In other words, the sensitivity is a proportion of true positives who are test 
positive, and the specificity is the proportion of true negatives who are test 
negatives . For our three tests these are: 

Sensitivity 
Test 1 0.80 
Test 2 0.00 
Test 3 0.40 

Specificity 
0.95 
1 .00 
1 .00 

Test 2, of course, misses all the true positives and finds all the true negatives, 
by saying all are negative. The difference between Tests 1 and 3 is brought out 
by the greater sensitivity of 1 and the greater specificity of 3. We are compar­
ing tests in two dimensions. We can see that Test 3 is better than Test 2, 
because its sensitivity is higher and its specificity is the same. However, it is 
more difficult to see whether Test 3 is better than Test 1 .  We must come to a 
judgement based on the relative importance of sensitivity and specificity in 
the particular case . 
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When the test is based on a continuous variable, we can alter the sensitivity 
and specificity by changing the cut-off point. If high values indicate the dis­
ease, raising the cut-off point will mean fewer cases will be detected and so the 
sensitivity will be decreased. However, there will be fewer false positives, 
positives on test but in fact not diseased, and the specificity will be increased . 
On the other hand, i f  we lower the cut-off point we shall detect more cases 
and the sensitivity will be increased, but we shall have more false positives 
and the specificity will be decreased. 

For a practical example, Maxwell et al. ( 1 983) observed that a remarkable 
number of alcoholics had evidence at X-ray of past rib fractures. We asked 
whether this would be of any value in the detection of alcoholism in patients . 
Among 7 4 patients with alcoholic liver disease, 20 had evidence of at least one 
past fracture on chest X-ray and 1 1  had evidence of bilateral or multiple frac­
tures . In a control group of 1 8 1  patients with non-alcoholic liver disease or 
gastrointestinal disorders, 6 had evidence of at least one fracture and 2 of 
bilateral or multiple fractures. 

For any fractures as a test for alcoholism, the sensitivity was 20/74 = 0.27 ,  
and the specificity ( 1 8 1  - 6)/ 1 8 1  = 0.97 .  For bilateral or multiple fractures 
the sensitivity was l l /74 = 0. 1 5 and the specificity was ( 1 8 1 - 2)/ 1 8 1 = 0.99. 
Hence both tests were very specific; very few non-alcoholics would be 
indicated as alcoholics by them. On the other hand, neither was very sensi­
tive; many alcoholics would be missed . As might be expected, the more 
stringent test of bilateral or multiple fractures was more specific and less 
sensitive than the test of any fracture. 

Sensitivity and specificity are often multiplied by 100 to give percentages. 
They are both binomial proportions, so their standard errors and confidence 
intervals are found as described in Section 8 .4 and the sample size required 
for their reliable estimation can be calculated as described in Section 8 . 8 .  

1 5 . 5 .  Normal or reference ranges 

In Section 1 5 .4 we were concerned with the diagnosis of particular diseases . 
In this section we look at it the other way round and ask within what range of 
values measurements on normal , healthy people wil l  l ie .  We should then be 
able to say that measurements outside this range are indicative of disease. 

There are great difficulties in doing this . Who is ' normal ' anyway? In the 
UK population almost everyone has hard fatty deposits in their coronary 
arteries, which result in death for about half of them . Very few Africans have 
this ; they die from other causes. So it is normal in the UK to have an 
abnormality. We can set this problem aside and say that normal people are 
the apparently healthy members of the local population. We can draw a 
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sample of these as described in Chapter 3 and make the measurement on 
them. 

The next problem is to calculate the range. If  we use the range as defined in 
Section 4 .  7, the difference between the two most extreme values , we can be 
fairly confident that if we carry on sampling we will eventually find observa­
tions outside it, and the range will get bigger and bigger. To avoid this we use 
a range between two quantiles (Section 4. 7), usually the 2.5 percentile and the 
97 .5 percentile . This leaves 5 per cent of normals outside the 'normal range' .  
Thus the normal range or reference range is the set o f  values within which 95 
per cent of  measurements from apparently healthy individuals will lie. 

A third difficulty comes from confusion between 'normal ' as used in 
Medicine and ' Normal Distribution' as used in Statistics.  This had led some 
people to develop approaches which say that all data which do not fit under a 
Normal curve are abnormal ! Such conclusions are simply absurd; there is no 
reason to suppose that all variables are Normally distributed (Sections 7 .2 ,  
7.4, 7 . 5 ) .  The term 'reference range' ,  which i s  becoming widely used, has the 
advantage of avoiding this confusion. However, the most commonly used 
method of calculation rests on the assumption that the variable is, in fact , 
Normally distributed. 

We have already seen that in general most observations fall within two 
standard deviations of the mean, and that for a Normal Distribution 95 per 
cent are within these limits with 2 .5  per cent below and 2 .5  per cent above . If  
we estimate the mean and standard deviation of data from a Normal popula­
tion we can estimate the reference range as (.X - 2s) to (x + 2s). 

Consider the FEY 1 data of Table 4. 5 .  We shall estimate the reference range 
for FEV l in male medical students. We have 57 observations, mean 4.06 and 
standard deviation 0.67 litres . The reference range is thus 2. 7 to 5 .4 litres . 
Frqm Table 4 .4  we see that in fact only one student, 2 per cent , is outside these 
limits although the sample is rather small. 

Standard errors and confidence intervals for these limits are easy to find,  
provided the observations are from a Normal Distribution.  The estimates x 
and s are independent with standard errors -J(s2/n) and '[s2/2(n - 1 )] 
(Sections 8 .2 ,  8 .  7) .  The value of x follows a Normal Distribution and s a dis­
tribution which is approximately Normal. Hence (x - 2s) is from a Normal 
Distribution with variance: 

Var (x - 2s) = Var (x) + Var (2s) = Var (.X) + 4 Var (s) 
s2 s2 ( 1 2 ) = 
---;;-

+ 4 
x 2(n - 1 )  = s2 

---;;- + � 
Hence, provided Normal assumptions hold, the standard error of the limit of 
the reference range is �s2 (-1 + _2 ) 

n n - 1  
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I f  n is large , this is approximately 

JEJ-
For the FEY ! data, this is .J(3 x 0.672/57) = 0. 1 5 .  Hence the 95 per cent 

confidence intervals for these limits are 2. 7 ± I .  96 x 0. 1 5  and 
5 .4 ± 1 .96 x 0. 1 5  i .e .  from 2.4 to 3 .0 and 5 . 1  to 5 . 7  litres . These confidence 
intervals seem quite wide to me, yet reference ranges based on much smaller 
samples are often reported in the literature without any estimates of their 
precision . 

Compare the triglyceride levels of Fig. 4. 1 3 .  Here the data are highly 
skewed, and the Normal model does not fit .  The lower limit is 0 .07 ,  well 
below any of the observations, and the upper limit is 0.94, greater than which 
are 5 per cent of the observations. It is possible for such data to give a negative 
lower limit ! 

The triglyceride values are highly skewed to the right, which suggests that a 
logarithmic transformation would help Normalize the data (Fig. 7 . 1 6) .  
Figure 7 . 1 7 shows the logw-transformed data, which give a breathtakin.gly 
symmetrical distribution (x = - 0.33 1 ,  s = 0 . 1 7 1 ) .  The lower limit in the 
transformed data is - 0.67, corresponding to a triglyceride level of 0.2 1 ,  
below which are 2 . 1 per cent of observations. The upper limit is 0 .0 1 ,  cor­
responding to 1 .02, above which are 2 .5  per cent of observations. The fit to 
the log-transformed data is excellent. For the standard error of the reference 
l imit we have .J(3 x 0. 1 7 l 2/282) = 0.0176. The 95 per cent confidence 
intervals are thus - 0.673 ± 2 x 0.0176 and 0.01 1 ± 2 x 0.0176 ,  i . e .  - 0. 707 
to - 0.637 and - 0.025 to 0 .046. In the untransformed data this gives 0. 1 96 to 
0.23 1 and 0 .945 to 1 . 1 12 ,  found by taking the antilogs . These confidence 
limits can be transformed back to the original scale, unlike those in Section 
10.4, because no subtraction of means has taken place. 

Because of the obviously unsatisfactory nature of the Normal model for 
some data, some authors have advocated the estimation of the percentiles 
directly as in Section 4 .5 ,  without any distributional assumptions. This is an 
attractive idea. We want to know the point below which 2 .5  per cent of values 
will fal l .  Let us simply rank the observations and find the point below which 
2 .5  per cent of the observations fall .  For the 282 triglicerides , the 2 . 5  and 97 . 5  
percentiles are found a s  follows . For the 2 . 5  percentile, we find i = q (n + I )  = 0.025 x (282 + I )  = 7 .08 . The required quantile will b e  between the 7th 
and 8th observation.  The 7th is 0.21 , the 8th is 0.22 so the 2.5 percentile 
would be estimated by 0.21  + (0 .22 - 0.2 1 )  x (7 .08 - 7) = 0 .2 1 1 . Similarly 
the 97 . 5  percentile is 1 .049. 

This approach gives an unbiased estimate whatever the distribution . The 
log-transformed triglyceride would give exactly the same results .  Note that 
the Normal theory limits from the log-transformed data are very similar. We 
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now look at the confidence interval. The 95 per cent confidence interval for 
the q quantile, here q being 0.025 or 0.975, estimated directly from the data, 
is  found by an application of the Binomial Distribution (Sections 6 .4 ,  6 .6) 
(see Conover 1 980) . (The number of observations less than the q quantile will 
be an observation from a Binomial Distribution with parameters n and q . )  

j = nq - 1 .96 -Jnq( l  - q )  
k = nq + 1 .96 -Jnq(l - q) 

We round j and k up to the next integer. Then the 95 per cent confidence 
interval is  between the jth and the kth observations in the ordered data.  For 
the triglyceride, n = 282 and so for the lower limit, q = 0.025, we have 

J = 282 x 0.025 - 1 .96 -J282 x 0.025 x o . 975 
k = 282 x 0.025 + 1 .96 -J282 x 0.025 x o.975 

This gives j = 1 .9 and k = 1 2.2,  which we round up to j = 2 and k = 1 3 .  I n  
the triglyceride data the second observation, corresponding t o  j = 2,  i s  0. 1 9  
and the 1 3th is 0 .26 .  Thus the 95 per cent confidence interval for the lower 
reference limit is  0. 1 9  to 0.26. The corresponding calculation for q = 0. 975 
gives} = 270 and k = 28 1 . The 270th observation is 0 .98 and the 28 1 st is 1 .62, 
giving a 95 per cent confidence interval for the upper reference limit of 0 .  98 to 
1 .62. These are wider confidence intervals than those found by the Normal 
method, those for the long tail particularly so. This suggests that this method 
of estimating percentiles in long tails is imprecise. 

1 5.6. Survival data 

Survival data arise in many ways in medical research . The most obvious is in 
studying the length of time patients Ii ve after a treatment or after the onset of  
a disease. We are concerned with the length of time elapsed between entry 
(start of disease, start of treatment, randomization in a trial) and exit from 
the population (death) . There are other processes which have the same char­
acteristic. For example, in the chemotherapy of gall stones, we can observe 
via ultra-sound the length of time between the start of treatment and the dis­
appearance of the stone . In the study of infertility we can observe the length 
of time between treatment and conception. In this section we shall talk about 
times from entry to death, but other applications should be obvious . 

Problems arise in the measurement of survival because often we do not 
know the exact survival times of all cases. This is because some will still be 
surviving when we want to analyse the data. When cases have entered the 
study at different times, some of the recent entrants may be surviving, but 
only have been observed for a short time. Their survival time may be less than 
those cases admitted early in the study and who have since died. The method 
of calculating survival curves described below takes this into account .  W hen 
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Table 15.6. Survival time in years of patients after diagnosis of parathyroid 
cancer 

Alive Deaths 

less than I less than I 
less than I 2 

I 6 
I 6 
4 7 
5 9 
6 9 
8 I I  

1 0  1 4  
J O  
1 7  

we know some o f  the observations exactly, and only that others are greater 
than some value, we say that the data are censored. We overcome this dif­
ficulty by the construction of a life table . 

Table 1 5 .  6 shows some typical survival data, for patients with parathyroid 
cancer. The survival times are recorded in completed years. A patient who 
survived for 6 years and then died can be taken as having lived for 6 years and 
then died in the seventh.  In the first year from diagnosis, one patient died . 
Three patients were observed for only part of this year and 1 7  survived into 
the next year. The 2 who have only been observed for part of the year are said 
to be withdrawn from follow-up. There is no information about their sur­
vival after the first year, because it has not happened yet. These patients are 
only at risk of dying for part of the year and we cannot say that 1 out of 20 
died as they may yet contribute another death in the first year. We can say 
that such patients will contribute half a year of risk, on average, so the 
number of patient years at risk in the first year is 1 8  ( 1 7  who survived and 1 
who died) plus 2 halves for those withdrawn from follow-up, giving 1 9  
altogether. We get an estimate o f  the probability o f  dying i n  the first year of 
1 / 1 9, and an estimated probability of surviving of 1 - 1 1 1 9 . We can do this 
for each year until the limits of the data are reached. We thus trace the sur­
vival of these patients estimating the probability of death or survival at each 
year and the cumulative probability of survival to each year. This set of prob­
abilities is called a life table. 

To carry out the calculation, we first set out for each year the number alive 
at the start, the number withdrawn during the year and the number at risk and 
the number dying (Table 1 1 .  7). Thus in year 1 the number at the start is 20, 
the number withdrawn is 2, the number at risk 1 9  and the number of deaths is 
1 .  As there were 2 withdrawals and 1 death the number at the start of year 2 is 
1 7 .  For each year we calculate the probability of dying in that year for 
patients who have reached the beginning of it, and hence the probability of 
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Table 15.7. Life table calculation for parathyroid cancer survival 

Cumulative 
Number Withdrawn Prob. of Prob. of 
at  during Prob. of surviving surviving 

Year start year At risk I Deaths death year x x years 
x nx wx rx = nx - IWx dx qx = dx/rx Px = I - qx px = PxPx- 1 

20 2 1 9  I 0.0526 0 .9474 0.9474 

2 1 7  2 1 6  0 0 I 0 .9474 

3 1 5  0 1 5  I 0.0667 0.9333 0 .8842 Q 
4 1 4  0 1 4  0 0 I 0. 8842 5· 
5 1 4  I 1 3± 0 0 I 0.8842 

c=;· 
e. 

6 1 3  I 1 2± 0 0 I 0.8842 9 
1 1± 

(1) 
7 1 2  I 2 0 . 1 739 0.826 1  0 .7304 Q Vl 
8 9 0 9 I 0. 1 1 1 1  0. 8889 0.6493 i::: .., 

1± (1) 
9 8 I 0 0 I 0.6493 9 

0 7 2 0.2857 0.7 1 43 0.4638 
(1) 

1 0  7 :::i .... 
I I  5 2 4 0 0 I 0.4638 

1 2  3 0 3 I 0.3333 0 .6667 0.3092 

1 3  2 0 2 0 0 I 0.3092 

1 4  2 0 2 0 0 I 0.3092 

1 5  2 0 2 I 0.5 0.5 0 . 1 546 

1 6  l 0 I 0 0 I 0. 1 546 

1 7  I 0 I 0 0 I 0 . 1 546 

1 8  I I I 
I 0 0 I 0. 1 546 
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Fig. 15.4 Survival curve for parathyroid cancer patients. 

surviving to the next year. Finally we calculate the cumulative survival prob­
ability. For the first year, this is the probability of surviving that year, 
P1 = p1 •  For the second year, it is the probability of surviving up to the start 
of the second year, P1 , times the probability of surviving that year, p2, to give 
P2 = p2P1 • The probability of surviving for 3 years is similarly P3 = p3P2, and 
so on. From this life table we can estimate the five-year survival rate, a useful 
measure of prognosis in cancer. For the parathyroid cancer, the five-year sur­
vival rate 0. 8842, or 88 per cent. We can see that the prognosis for this cancer 
is quite good.  

We can draw a graph of the cumulative survival probability, the survival 
curve. This is usually drawn in steps, with abrupt changes in probability 
(Fig. 5 .4) .  This convention emphasizes the relatively poor estimation at the 
long survival end of the curve, where the small numbers at risk produced 
large steps.  

The standard error for the survival probabilities can be found 
(see Armitage 1 973) and two survival curves can be compared by several 
significance tests, of which the best known is the logrank test (Peto et al. 
1 977) . 

15.  7 .  Computer-aided diagnosis 

Reference ranges (Section 1 5 .5) are one area where statistical methods are 
involved directly in diagnosis ,  computer-aided diagnosis is another. Com­
puters are machines which can store large amounts of information and pro­
cess them very quickly. In statistics they are very widely used to store data, 
calculate, draw graphs , etc . They are used in many other areas of medicine, 
from medical records to patient interviews , but none cause so much argument 
as those used in computer-aided diagnosis. The 'aided' is put in to persuade 
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clinicians that the main purpose is not to do them out of a job,  but, naturally, 
they have their doubts . 

This is not a book about medical computing (see Kember 1 982; Norris et al. 
1 985), but computer-aided diagnosis is partly a statistical exercise .  In fact , 
there are two types of computer-aided diagnosis: statistical methods, where 
diagnosis is based on a set of data obtained from past cases; and decision-tree 
methods, which try to imitate the thought processes of an expert in the field.  
We shall look briefly at each approach. 

There are several methods of statistical computer aided diagnosis .  One 
uses discriminant analysis. In this we start with a set of data on subjects 
whose diagnosis was subsequently confirmed, and calculate one or more dis­
criminant functions. A discriminant function has the form : 

constant1 x variable1 + constant2 x variable2 + . . .  + constantn x variablen 

The constants are calculated so that the values of the functions are as similar 
as possible for members of the same group and as different as possible for 
members of different groups. In the case of only two groups, we have one dis­
criminant function and all the subjects in one group will have high values of 
the function and all subjects in the other will have low values . For each new 
subject we evaluate the discriminant function and use it to allocate the subject 
to a group or diagnosis .  We can say what the probability is of the subject fall­
ing in that group, and in any other. We have already come across an example 
of this technique in Exercise 2E. Many forms of discriminant analysis have 
been developed to try and improve this form of computer diagnosis, but it 
does not seem to make much difference which is used . 

A different approach is Bayesian analysis. This is based on Bayes ' 
Theorem, a result about probability which may be stated in terms of the prob­
ability of diagnosis A having observed data B, as : 

. . " f  d Prob (data B if diag A) x Prob (diag A) Prob (diagnos1s A 1 ata B) = Prob (data B) 

If  we have a large data set of known diagnoses and their associated symptoms 
and signs, we can determine the Prob (diagnosis A) easily. It is  simply the 
proportion of times A has been diagnosed. The problem of finding the prob­
ability of a particular combination of symptoms and signs is more difficult .  If 
they are all independent, we can say that the probability of a given symptom 
is  the proportion of times it occurs, and the probability of the symptom for 
each diagnosis is  found in the same way. The probability of any combination 
of symptoms can be found by multiplying their individual probabilities 
together, as described in Section 6.2 .  In practice the assumption that signs 
and symptoms are independent is most unlikely to be met and a more com­
plicated analysis would be required to deal with this. However, some systems 
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of computer-aided diagnosis have been found to work quite well with the 
simple approach.  

Expert or knowledge-based systems work in a different way. Here the 
knowledge of a human expert or group of experts in the field is converted into 
a series of decision rules , e .g .  'if the patient has post-bilateral rib fractures 
then the patient is an alcoholic, if not then on to the next decision ' .  These 
systems can be modified by asking further experts to test the system with 
cases from their own experience and to suggest further decision rules if  the 
program fails . They also have the advantage that the program can 'explain '  
the reason for its 'decision' by  listing the series of steps which led to  it .  

Most of Chapter 1 4  consists of rules of just this type and could be turned 
into an expert system for statistical analysis .  Indeed some of my colleagues 
are already discussing the possibility of an expert system for medical 
statistics . 

Although there have been some impressive achievements in the field of 
computer-aided diagnosis,  it has to date .made little progress towards 
acceptance in routine medical practice. As computers become more familiar 
to clinicians, more common in their surgeries and more powerful in terms of 
data storage and processing speed, we may expect computer-aided diagnosis 
to become as well established as computer-aided statistical analysis is today. 

Appendix 15A 

Standard deviation for measurement error 

The standard deviation for the error in repeated measurements is found as 
follows . We want to find the variance within subjects, as we found the 
variance within groups for the two-sample t test (Section 1 0.3) .  The sum of 
squares for one subject is [ 2x; _ �i + y;) r + [ 2y; _ �i + y;) r 

= i (x; - y;)2 + i (y; - x;)2 
= t Cx; - y;)2 

since (x; - y;)2 = (Y; - x;)2 

This sum of squares has 2 - 1 = 1 degree of freedom .  We add n of these 
together to get 
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and this has n degrees of freedom so we divide by n to get the estimate of 
variance. The square root gives us the standard deviation. 

Exercise 1 5M 

(Each branch is either true or false.) 

1 .  The specificity o f  a test for a disease: 

(a) has a standard error derived from the Binomial Distribution; 
(b) measures how well the test detects cases of the disease; 
(c) measures how well the test excludes subjects without the disease; 
(d) measures how often a correct diagnosis is obtained from the test; 
(e) is all we need to tell us how good the test is . 

2 .  The repeatability o r  precision o f  measurements may itself b e  measured 

by: 

(a) the coefficient of variation of repeated measurements; 
(b) the correlation coefficient between pairs of measurements; 
(c) the standard deviation of the difference between pairs of measurements; 
(d) the standard deviation of repeated measurements;  
(e) the difference between the means of two sets of measurements on the 

same set of subjects. 

3 .  If the normal or reference range for haematocrit in men is 43 .2-49.2:  

(a) any man with haematocrit outside these limits is abnormal; 
(b) haematocrits outside these limits are proof of disease; 
(c) a man with a haematocrit of 46 must be very healthy; 
(d) a woman with a haematocrit of 48 has a haematocrit within normal 

limits; 
(e) a man with a haematocrit of 42 may be i l l .  

4. When a survival curve is calculated from censored survival times: 

(a) the estimated proportion surviving becomes less reliable as survival time 
increases ; 

(b) individuals withdrawn during the first time interval are excluded from 
the analysis ; 
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(c) survival estimates depend on the assumption that survival rates remain 
constant over the study period; 

(d) it may be that the survival curve will not reach zero survival; 
(e) the five-year survival rate can be calculated even if many of the subjects 

were identified Jess than five years ago . 

5.  Terminal digits in measurements which are likely to occur more often 

than expected include: 

(a) O; 

(b) 1 . 
' 

(c) 2 ·  ' 

(d) 5 ·  ' 

(e) 9 .  

Exercise 1 5E 

In this exercise we shall estimate a reference range. Mather et al. ( 1 979) mea­
sured plasma magnesium in 1 40 apparently healthy people, to compare with a 
sample of diabetics. The normal sample was chosen from blood donors and 
people attending day centres for the elderly in the area of St George's  
Hospital , to give 10 male and 1 0 female subjects in each age decade from 
1 5-24 to 75 years and over. Questionnaires were used to exclude any subject 
with persistent diarrhoea, excessive alcohol intake or who were on regular 

:J1 20 u 
� 

60 70 80 90 
M a y n e s i u m 

100 

Fig. 15.E.1 Distribution of plasma magnesium in 140 apparently healthy people. 
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drug therapy other than hypnotics and mild analgesics in the elderly. The dis­
tribution of plasma magnesium is shown in Fig. l 5E. 1 .  The mean was 
0. 8 1 0  mmol/litre and the standard deviation 0.057 mmol/litre. 

I .  What do you think of the sampling method? Why use blood donors and 
elderly people attending day centres? 

2. Why were some potential subjects excluded? Was this a good idea? 
Why were certain drugs allowed for the elderly? 

3 .  Does plasma magnesium appear to follow a Normal Distribution? 
4. What is the reference range for plasma magnesium, using the Normal 

Distribution method? 
5 .  Find confidence intervals for the reference limits .  
6.  Would it matter if  mean plasma magnesium in normal people increased 

with age? What method might be used to improve the estimate of the refer­
ence range in this case? 



16.  Mortality statistics and 
the structure of human 
populations 

16. 1 .  Mortality rates 

One of our principal sources of information about the changing pattern of 
disease within a country and the differences in disease between countries is  
mortality statistics . In most developed countries, any death must be certified 
by a doctor, who records the cause, date and place of death and some data 
about the deceased . In Britain, these include the date of birth , area of 
residence and last known occupation . These death certificates form the raw 
material from which mortality statistics are compiled by a national bureau of 
censuses, in Britain the Office of Population Censuses and Surveys. The 
numbers of deaths can be tabulated by cause, by sex, by age, by types of 
occupation, by area of residence and by marital status. Table 5 . 1  shows one 
such tabulation, of deaths by cause and sex. 

For purposes of comparison we must relate the number of deaths to the 
number in the population in which they occur. We have this information 
fairly reliably at ten-year intervals , from the decennial census of the country. 
We can estimate the size and age and sex structure of the population between 
censuses from registration of births and deaths .  Each birth or death which 
takes place is notified to an official registrar, and so we can keep some track 
of changes in the population . There are other, less well-documented changes 
taking place, such as immigration and emigration, which mean that popula­
tion size estimates between the census years are only approximations. Some 
estimates , such as the numbers in different occupations, are so unreliable that 
mortality data are only tabulated by them for census years. 

If we take the number of deaths over a given period of time and divide it by 
the number in the population and the time period, .we get a mortality rate, the 
number of deaths per unit time per person. We usually take the number of 
deaths over one calendar year, although when the number of deaths is small 
we may take deaths over several years, to increase the precision of the 
numerator. The number in the population is changing continually, and we 
take as the denominator the estimated population at the mid-point of the 
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time period. Mortality rates are usually very small numbers, so we usually 
multiply them by a constant, such as 1 000 or 1 00 000, to avoid strings of  zeros 
after the decimal point . 

When we are dealing with deaths in the whole population, irrespective of  
age, the rate we obtain is called the crude mortality rate or crude death rate. 
The terms 'death rate' and 'mortality rate' are used interchangeably. We cal­
culate the crude mortality rate for a population as: 

deaths occurring over given period 
x 1 000 number in population at mid-point 

of period x length of period 
If the period is in years, this gives the crude mortality rate as deaths per 1 000 
population per year. 

The crude mortality rate is so called because no allowance is  made for the 
age distribution of the population, or for comparisons between populations 
with different age structures. For example, in 1 90 1  the crude mortality rate 
among adult males (aged over 1 5  years) in England and Wales was 1 5 .7  per 
I 000 per year, and in 1 97 1  it was 1 5 .  5 per I 000 per year. It seems strange that 
with all the improvements in medicine, housing and nutrition between these 
times there has been so little improvement in the crude mortality rate. To see 
why we must look at the age-specific mortality rates, the mortality rates 
within narrow age groups.  Age-specific mortality rates are usually calculated 
for one-, five-, or ten-year age groups . In 1 901 the age-specific mortality rate 
for men aged 1 5- 1 9  was 3 . 5  deaths per 1 000 per year, whereas in 1 97 1  it was 
only 0.9 .  As Table 1 6 . 1 shows, the age-specific mortality rate in 1 90 1  was 
greater than that in 1 97 1  for every age group. However, in 1 90 1  there was a 
much greater proportion of the population in the younger age groups, where 

Table 16.1.  Age-specific mortality rates 
and age distribution in adult males, 
England and Wales, 1 901 and 1971  

Age-speci fie % adult 
death rate population in 
1 000 per year age group 

Age group 
(years) 1 90 1  1 97 1  1 90 1  1 97 1  

1 5 - 1 9  3 . 5  0.90 1 5 .36 9 .6 1  
20-24 4.7 0.95 1 4 .07 1 0 .62 
25-34 6.2 0.99 23.76 1 7 .45 
35-44 1 0 .6 2.32 1 8 .46 16 . 1 6  
45-54 1 8 .0 7.09 1 3 . 34 1 6 .63 
55-64 33 .5  20.20 8 .68 1 5 .48 
65-74 67.8 50.80 4.57 9 .90 
75-84 1 39 .8 1 14.20 1 .58 3 . 52 
85- 276.5  234.60 0. 1 7  0.62 
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mortality was low, than there was in 1 97 1 .  Correspondingly, there was a 
smaller proportion of the 1 90 1  population than the 1 97 1  population in the 
higher mortality older age groups . Although mortality was lower at any given 
age in 1 97 1 ,  the greater proportion of older people meant that there were as 
many deaths as in 1 90 1 . 

16.2 . Age-standardized mortality rates using the direct 
method 

To eliminate the effects of different age structures in the populations which 
we want to compare, we can look at the age-specific death rates . But if  we are 
comparing several populations, this is rather a cumbersome procedure, and it 
is often more convenient to calculate a single summary figure from the age­
specific rates . There are many ways of doing this, of which three are fre­
quently used : the direct and indirect methods of age standardization, and the 
life table. 

We shall describe the direct method first. We use a standard population 
structure, i . e .  a standard set of proportions of people in each age group.  We 
then calculate the overall mortality rate which a population with the standard 
age structure would have if  it experienced the age specific mortality rates of 
the observed population, the population whose mortality rate is to be 
adjusted . We shall take the 1 97 1  population as the standard and calculate the 
mortality rate the 1 90 l population would have experienced if it had the 1 97 1  
age distribution. W e  d o  this b y  multiplying each 1 90 1  age specific mortality 
rate by the proportion in that age group in the standard population, and add­
ing. This then gives us an average mortality rate for the whole population, the 
age-standardized mortality rate. For example, the 1 90 1  mortality rate in age 

Table 16.2. Calculation of the age-standardized mortality 
rate by the direct method 

Observed mortality Standard proportion 
rate per 1 000 in group 

Age group (a) (b) (a) x (b) 

1 5 - 1 9  3 . 5  0.096 1 0 .336 
20-24 4 .7  0. 1 062 0.499 
25-34 6.2 0 . 1 745 1 .082 
35-44 1 0 .6  0 . 1 6 1 6  l .7 1 3  
45-54 1 8 . 0  0 . 1 663 2 .993 
55-64 3 3 . 5  0. 1 548 5 . 1 86 
65-74 67 . 8  0.0990 6 . 7 1 2  
75-84 1 39 .8  0.0352 4 .921  
85- 276.5  0.0062 l .7 1 4  

Sum 25 . 1 57 



300 Mortality statistics and the structure of human populations 

group 1 5 - 1 9  was 3 . 5  per 1 000 per year and the proportion in the standard 
population in this age group is 9 .6 1  per cent or 0.096 1 .  The contribution of 
this age group is 3 . 5  x 0.096 1 = 0.336.  The calculation is set out in Table 
1 6 .2 .  

If  we used the population' s  own proportions in  each age group in  this cal­
culation we would get the crude mortality rate. Since 1 97 1  has been chosen as 
the standard population, its crude mortality rate of 1 5 . 5  is also the age­
standardized mortality rate . The age-standardized mortality rate for 1 90 1  
was 25.2 per 1 000 men per year. We can see that there was a much higher age­
standardized mortality in 1 90 1  than 1 97 1 ,  reflecting the difference in age 
specific mortality rates. 

16.3.  Standardized mortality ratios by the indirect method 

The direct method relies upon age-specific mortality rates for the observed 
population.  If we have very few deaths, these age-specific rates will be very 
poorly estimated. This will be particularly so in the younger age groups, 
where we may even have no deaths at all . Such situations arise when consider­
ing mortality due to particular conditions or in relatively small groups , such 
as those defined by occupation. The indirect method of standardization is 
used for such data. We calculate the number of deaths we would expect in the 
observe.d' population if it experienced the age-specific mortality rates of a 
standard population. We then compare the expected number of deaths with 
that actually observed . 

We shall take as an example the deaths due to cirrhosis of the liver among 
male qualified medical practitioners recorded around the 1 97 1  census . There 
were 14 deaths among 43 570 doctors aged below 65, a crude mortality rate of 
1 4/43 570 = 32 1  per million, compared to 1 423 out of 1 5  247 980 adult 
males (aged 1 5-64), or 93 per million. The mortality among doctors appears 
high, but the medical population may be older than the population of men as 
a whole, as it will contain relatively few below the age of 25. Also the actual 
number of deaths among doctors is small and any difference not explained by 
the age effect may be due to chance. The indirect method enables us to test 
this . 

Table 1 6 . 3  shows the age-specific mortality rates for cirrhosis of the liver 
among all men aged 1 5-65 , and the number of men estimated in each ten-year 
age group, for all men and for doctors. We can see that the two age distribu­
tions do appear to be different . 

The calculation of the expected number of deaths is similar to the direct 
method, but different populations and rates are used. For each age group, we 
take the number in the observed population, and multiply it by the standard 
age-specific mortality rate, which would be the probability of dying if the 
mortality in the observed population were the same as that in the standard 
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Table 16.3.  Age-specific mortality rates due to 
cirrhosis of the liver and age distributions of all men 
and medical practitioners, England and Wales, 1 9 7 1  

Age group Mortality per million Number Number of 
(years) men per year of men doctors 

1 5-24 5 .859 3 584 320 1 080 
25-34 1 3 .050 3 065 1 00 1 2  860 
35-44 46.937 2 876 1 70 1 1  5 1 0 
45-54 1 6 1 .503 2 965 880 10 330 
55-64 27 1 .358 2 756 5 1 0  7790 

population .  This gives us the number we would expect to die in this age group 
in the observed population . We add these over the age groups and obtain the 
expected number of deaths . The calculation is set out in Table 1 6 .4 .  

The expected number of deaths is  4.4965 , which is  considerably less than 
the 14 observed. We usually express the result of the calculation as the ratio of 
observed to expected deaths, called the standardized mortality ratio or SMR. 
Thus the SMR for cirrhosis among doctors is 

1 4  
SMR = = 3 . 1 1 

4 .4965 

We usually multiply by 1 00 to get rid of the decimal point . We say the SMR 
with al l  men = 1 00 i s  3 1 1 .  

If  we do not adj ust for age at all , the ratio of the crude death rates is 3 . 44, 
compared to the age-adjusted figure of 3 . 1 1 ,  so the adj ustment has made 
some, but not much , difference. 

We can calculate a confidence interval for the SMR quite easily. Denote the 
observed deaths by 0 and expected by E. It is reasonable to suppose that the 
deaths are independent of one another and happening randomly in time, so 

Table 16.4. Calculation of the expected number of deaths due 
to cirrhosis of the liver among practitioners, using the indirect 
method 

Standard mortality Observed population: 
rate, all  men Number of doctors 

Age group (a) (b) (a) x (b) 

1 5-24 0.000005859 1 080 0.0063 
25-34 0.0000 1 3050 1 2  860 0 . 1 678 
35-44 0.000046937 1 1  5 1 0  0. 5402 
45-54 0.000 1 6 1 503 IO 330 1 .6683 
55-64 0 .00027 1 358 7790 2 . 1 1 39 

Total 4.4965 
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the observed number of deaths is from a Poisson Distribution (Section 6. 7) .  
The standard deviation of this Poisson Distribution is the square root of its 
mean and so can be estimated by the square root of the observed deaths, -J 0. 
The expected number is calculated from a very much larger sample and is so 
well estimated it can be treated as a constant, so the standard deviation of  
1 00 x O/E, which is the standard error of the SMR, is estimated by 
1 00 x -JOIE. 

Provided the number of deaths is large enough, say more than 1 0 ,  an 
approximate 95 per cent confidence interval is given by 

o -Jo 1 00 x £ ± 1 .  96 x 1 00 x £ 

For small observed frequencies, tables based on the exact probabilities of  
the Poisson Distribution are available (Pearson and Hartley 1 970) . For  the 
cirrhosis data the formula gives 

-J14  -J 1 4  3 1 1 - I .  9 6  x 1 00 x to 3 1 1  + 1 .  96 x 1 00 x ---4 .4965 4.4965 
3 1 1 - 1 63 to 3 1 1  + 1 63 
1 48 to 474 

The confidence interval clearly excludes 1 00 and the high mortality cannot be 
ascribed to chance. 

The news is  not all bad for medical practitioners, however. Their SMR for 
cancer of the trachea, bronchus and lung is only 32. Doctors may drink, but 
they don't smoke! 

16.4. Demographic life tables 

We have already discussed a use of the life table technique for the analysis of 
clinical survival data (Section 1 5 .  6). The life table was found by following the 
survival of a group of subjects from some starting point to death.  In  demo­
graphy, which means the study of human populations, life tables are 
generated in a different way. Rather than charting the progress of a group 
from birth to death, we start with the present age-specific mortality rates. We 
then calculate what would happen to a cohort of people from birth if  these 
age-specific mortality rates applied unchanged throughout their lives . We 
denote the probability of dying between ages x and (x + 1) years (which is the 
age-specific mortality rate) by qx. As in Table 1 5 .6 ,  the probability of surviv­
ing from age x to (x + 1) is Px = 1 - qx. We now suppose that we have a 
cohort of size 10 at age 0, i .e .  at birth. The size of 10 is usually 1 00 000 or 
1 0  000. The number who would still be alive after x years is Ix· We can see that 
the number alive after (x + 1) years is Ix+ I = p x x Ix• so given all the p x from 
(x = 0) onwards we can calculate the Ix· The cumulative survival probability 
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Table 16.5.  Extract from English Life Table Number 1 1 ,  
1 950-52 ,  males 

Probability an 
individual dies Expected I i  fe 

Age Expected number between ages at age x 
( in years) alive at age x x and x + I (years)' 
x Ix qx ex 

0 1 00 000 0.03266 66.42 
I 96 734 0.00241 67.66 
2 96 501  0 .00 1 4 1  66.82 
3 96 395 0.00 1 02 65 . 9 1  
4 96 267 0.00084 64.98 

1 00 23 0 .44045 1 .67 
I O I  1 3  0.45072 1 .62 
1 02 7 0.460 1 1 1 .58  
1 03 4 0.46864 1 .53 
1 04 2 0.47636 1 .50 

to age x is then PX = I xllo. We have already used this in Exercise 6E. 
Table 1 6 . 5  shows an extract from Life Table Number 1 1 ,  1 950-52, for 

England and Wales . With the exception of 1 94 1 ,  a life table like this has been 
produced every ten years since 1 87 1 ,  based on the decennial census year. The 
life table is based on the census year because only then do we have a good 

Table 16.6. Abridged Life Table 1 969-7 1 ,  England and Wales 

Age Males Females 

x Ix ex Ix ex 
0 1 0  000 68.8 1 0  000 75 . 1  
5 9766 65.4 98 1 9  7 1 .4 

1 0  9746 60. 5  9806 66.5 
1 5  9728 55.6 9795 6 1 .6 
20 9683 50.9 9776 56.7 
25 9638 46. I  9755 5 1 .8 
30 9595 4 1 .3 973 1 47.0 
35 9542 36 .5  9696 42. 1 
40 9467 3 1 .8 9639 37 .4 
45 9327 27.2 9538 32.7 
50 9079 22.9 9372 28 . 3  
55  8673 1 8 .9 9 1 27 24.0 
60 8 0 1 6  1 5 .2  8768 1 9 . 8  
65 7012  12 .0  8227 1 6 .0  
70 5625 9 .4 7403 1 2 . 5  
75 3982 7 .2  6 1 9 1  9.4 
80 2355 5 .5  4544 6 .9  
85 1 072 4.0 2696 5 . 0  
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measure of the number of people at each age, the denominator in the calcula­
tion of q x- A three-year period is used to increase the number of deaths for a 
year of age and so improve the estimation of q x· Separate tables are produced 
for males and females because the mortality of the two sexes is  very different . 
Age-specific deaths rates are higher in males than females at every age .  
Between census years life tables are still produced but are only published in an 
abridged form, giving Ix  at  five-year intervals (Table 1 6.6) .  

The final column in Tables 1 6 .5  and 1 6 .6  is  the expected life, expection of 
life or life expectancy, ex - This is the average length of life still to be lived by 
those reaching age x. We have already calculated this as the expected value of 
the probability distribution of year of death (Exercise 6E) .  We can do the cal­
culation in a number of other ways . For example, if  we add Ix . 1 ,  lx+ i '  lx + J '  
etc . w e  shall get the total number o f  years to b e  lived, because the Ix+ 1 who 
survive to (x + 1) will have added Ix+ 1 years to the total, the Ix + 2 of these who 
survive from (x + 1) to (x + 2) will add a further I x+ i  years, and s o  on.  If  we 
divide this sum by Ix we get the average number of whole years to be lived . I f  
w e  then remember that people d o  not die only o n  their birthdays, but 
scattered throughout the year, we can add half to allow for the average of half 
a year lived in the year of death. We thus get 

e = -1 L; t + _!_ x 
Ix i -x+ I  1 2 

If many people die in early life, with high age-specific death rates for 
children, this has a great effect on expectation of life at birth.  In 1 97 1 ,  for 
example, expectation of life at birth for males was 69 years, compared to only 
41 years in 1 87 1 ,  an improvement of 28 years. However, expectation of life at 
age 45 in 1 97 1  was 27 years compared to 22 years in 1 87 1 ,  an improvement of 
only 5 years. At age 65, male expectation of life was 1 2  years in 1 97 1  and 1 1  
years in 1 87 1 ,  an even smaller change. Hence the change in life expectancy at 
birth was due to changes in mortality in early life, not late life. 

Life tables have a number of uses , both medical and non-medical.  Expecta­
tion of life provides a useful summary of mortality without the need for a 
standard population . The table enables ·us to predict the future size of and age 
structure of a population given its present state; this prediction is called a 
population projection . This can be very useful in predicting such things as the 
future requirement for geriatric beds in a health district . Life tables are also 
invaluable in non-medical applications, such as the calculation of insurance 
premiums, pensions and annuities . 

The main difficulty with prediction from a life table is finding a table which 
applies to the populations under consideration. For the general population 
of, say, a health district, the national life table will usually be adequate, but 
for special populations this may not be the case. If  we want to predict the 
future need for care of an institutionalized population, such as in a long-stay 
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psychiatric hospital or old peoples' home, the mortality may be considerably 
greater than that in the general population. Predictions based on the national 
life table can only be taken as a very rough guide. If possible, l ife tables cal­
culated on that type of population should be used . 

16.5.  Vital statistics 

We have seen a number of occasions where ordinary words have been given 
quite different meanings in statistics from those they have in common speech; 
'normal' and 'significant ' are good examples . 'Vital statistics' is the 
opposite, a technical term which has acquired a completely unrelated popular 
meaning . As far as the medical statistician is concerned, vital statistics have 
nothing to do with the dimensions of female bodies . They are the statistics 
relating to life and death:  birth rates , fertility rates , marriage rates and death 
rates . We have already dealt with the crude mortality rate, age-specific 
mortality rates , age-standardized mortality rates, standardized mortality 
ratio, and expectation of life. In this section we shall define a number of other 
statistics which are often quoted in the medical literature. 

The infant mortality rate is the number of deaths under one year of age 
divided by the number of live births, usually expressed as deaths per 1 000 live 
births . The neonatal mortality rate is the same thing for deaths in the first 4 
weeks of life. 

The stillbirth rate is the number of stillbirths divided by the total number of 
births, l ive and still . A stillbirth is a child born dead after 28 weeks'  gestation. 
The perinatal mortality rate is the number of stillbirths and deaths in the first 
week of life divid�d by the total births, again usually presented per 1 000 
births. Infant and perinatal mortality rates are regarded as particularly sensi­
tive indicators of the health status of the population. The maternal mortality 
rate is the number of deaths of mothers ascribed to problems of pregnancy 
and birth , divided by the total number of births . 

The attack rate for a disease is the proportion of people exposed to infec­
tion who develop the disease . The case fatality rate is the proportion of cases 
who die. The prevalence of a disease is the proportion of people who have it at 
one point in time. The incidence is the number of new cases in one year 
divided by the number at risk .  

The birth rate is the number of live births per year divided by the total 
population. The fertility rate is the number of live births per year divided by 
the number of  women of childbearing age, taken as 1 5 -44 years . 

16.6. The population pyramid 

The age distribution of a population can be presented as histogram, using the 
methods of Section 4. 3 .  However, because the mortality of males and 
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Fig. 16.1 Age distributions for the population of England and Wales, by sex, 
1901 .  

females i s  s o  different the age distributions for males and females are also dif­
ferent. It is usual to present the age distributions for the two sexes separately. 
Figure 1 6 . 1 shows the age distributions for the male and female populations 
of England and Wales in 1 90 1 .  Now, these histograms have the same 
horizontal scale. The conventional way to display them is with the age scale 
vertically and the frequency scale horizontally as in Fig. 1 6.2 .  The frequency 
scale has zero in the middle and increases to the right for females and to the 
left for males . This is called a population pyramid, from the shape. 

Figure 1 6 .3 shows the population pyramid for England and Wales in 1 97 1 . 
The shape is quite different. Instead of a triangle we have an irregular figure 
with almost vertical sides which begin to bend very sharply inwards at about 
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age 65 . A major change in population structure has taken place, with a vast 
increase in the proportion of elderly. This has major implications for 
medicine, as the care of the elderly has become a large proportion of the work 
of doctors, nurses and their colleagues .  It is interesting to see how this has 
come about. 

It is popularly supposed that people are now living much longer as a result 
of modern medicine, which prevents deaths in middle life. This is only partly 
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Fig. 16.3 Population pyramid for England and Wales, 1 9 7 1 .  
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Table 16. 7. Life expectancy in 1901 and 
19 7 1 ,  England and Wales 

Expectation 
of l ife in 
years Increase 

Age Sex 1 90 1  1 97 1  1 90 1 to 1 97 1  

Birth M 49 69 20 
F 52 75 23 

15 years M 47 56 9 
F 50 62 1 2  

4 5  years M 23 27 4 
F 26 33 7 

65 years M 1 1  1 2  1 
F 1 2  1 6  5 

true. Table 1 6 .  7 shows the life expectancy"at different ages in 1 90 1  and 1 97 1 .  
Life expectancy at birth has increased dramatically, but the increase i n  later 
life is much less . Thus we can see that the change is not an extension of every 
life by 20 years, which would be seen at every age, but mainly a reduction in  
mortality in childhood and early adulthood. Mortality in later l ife has 
changed by relatively little. 

Now, a big reduction in mortality in childhood would result in an increase 
in the base part of the pyramid, as more children survived, unless there was a 
corresponding fall in the number of babies being born. In the nineteenth cen­
tury, women were having many children and despite the high mortality in 
childhood the number who survived into adulthood to have children of their 
own exceeded that of their own parents . The population expanded and this 
history is  embodied in the 1 90 1  population pyramid. In the twentieth century, 
infant mortality fell and people responded to this by having fewer children . 
The base of the pyramid ceased to expand .  As those who were in the base of 
the 1 90 1  pyramid grew older, the population in the top half of the pyramid 
increased. The 0-4 age group in the 1 90 1  pyramid are the 70-74 age group in  
the 1 97 1  pyramid. Had the birth rate not fallen, the population would have 
continued to expand and we would have as great or greater a proportion of 
young people in 1 97 1  as we did in 1 90 1 , and a vastly larger population. Thus 
the increase in the proportion of the elderly is not because adult lives have 
been extended, but because fertility has declined. 

Most developed countries have stable populatiion pyramids like Fig. 1 6 . 3  
and those of most developing countries have expanding pyramids like 
Fig. 1 6 .2 .  



Exercise 16M 

Exercise 1 6M 

(Each branch is either true or false . )  

1 .  Age-specific mortality rate: 

(a) is a ratio of observed to expected deaths; 
(b) can be used to compare mortality between different age groups; 
(c) is an age-adjusted mortality rate; 
(d) measures the number of deaths in a year; 
(e) measures the age structure of the population . 

2. Expectation of life: 

(a) is the number of years most people live; 
(b) is a way of summarizing age-specific death rates; 
(c) is  the expected value of a particular probability distribution;  
(d) varies with age; 
(e) is derived from life tables . 
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3. In 197 1 ,  the SMR for cirrhosis of the liver for men was 773 for publicans 

and inn-keepers and 25 for window cleaners, both being significantly dif­

ferent from 100 (Donnan and Haskey 1978). We can conclude that: 

(a) publicans are more than seven times as likely as the average person to die 
from cirrhosis of the liver. 

(b) the high SMR for publicans may be because they tend to be found in the 
older age groups .  

(c) being a publican causes cirrhosis of  the liver . 
(d) window cleaning protects men from cirrhosis of the liver . 
(e) window cleaners -are at high risk of cirrhosis of the liver. 

4. The age and sex structure of a population may be described by: 

(a) a life table; 
(b) a correlation coefficient; 
(c) a standardized mortality ratio ; 
(d) a population pyramid; 
(e) a bar chart . 
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5.  The following statistics are adjusted to allow for the age distribution of 

the population: 

(a) age-standardized mortality rate; 
(b) fertility rate; 
(c) perinatal mortality rate; 
(d) crude mortality rate; 
(e) expectation of life at birth .  

Exercise 16E 

A_nderson et al. ( 1 985) studied mortality associated with volatile substance 
abuse (VSA), often called glue sniffing. In this study all known deaths 
associated with VSA from 1 97 1  to 1 983 inclusive were collected, using 
sources including three press-cuttings agencies and a six-monthly systematic 
survey of all coroners . Cases were also notifed by the Office of Population 
Censuses and Surveys for England and Wales and by the Crown Office and 
procurators fiscal in Scotland. 

Table 1 6E.  l shows the age distribution of these deaths for Great Britain 
and for Scotland alone, with the corresponding age distributions at the 1 98 1  
decennial census . 

Table 16E.1 .  Volatile substance abuse mortality and 
population size, Great Britain and Scotland, 1971-83 
(Anderson et al. 1985) 

Great Britain 

Age group 
(years) VSA deaths 

0-9 0 
1 0- 1 4  44 
1 5 - 1 9  1 50 
20-24 45 
25-29 1 5  
30-39 8 
40-49 2 
50-59 7 
60 + 4 

Scotland 

Population 
(thousands) VSA deaths 

6770 0 
427 1 1 3  
4467 29 
3959 9 
36 16  0 
7408 0 
6055 0 
6242 0 

IO 769 0 

Population 
(thousands) 

653 
425 
447 
394 
342 
659 
574 
579 
962 
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I .  Calculate age-specific mortality rates for VSA per year and for the 
whole period . What is unusual about these age-specific mortality rates? 

2. Calculate the SMR for VSA deaths for Scotland. 
3 .  Calculate the 95 per cent confidence interval for this SMR. 
4. Does the number of deaths in Scotland appear particularly high? Apart 

from a lot of glue sniffing, are there any other factors which should be con­
sidered as possible explanations for this finding? 



1 7 .  Solutions to exercises 

Exercise 2M 

T means 'true ' ,  and F means 'false' , throughout the answers to the multiple­
choice questions. 

1 .  (a) F, it is done for the comparability of the groups, (2 . 2) .  (b) F. (c) F .  
(d) T. (e) F,  (2.2). 

2 .  (a) T ,  (2 . 8) .  (b) F,  refers to cross-over trial, (2. 5) (c) F ,  patients do not 
know their treatment. They usually do know that they are in a trial . (d) F ,  
cross-over trial, (2 .5) . (e) T ,  (2 . 8) .  

3 .  (a) F ,  must be true to  randomization, vaccinated and refusing children 
are self-selected, (2.4) . (b) F.  (c) F, control group not offered vaccination.  
(d) F .  (e) F,  we can compare effect of a vaccination programme by 
comparing whole vaccination group, vaccinated and refusers to the controls .  

4. (a) T, (2 .5) .  (b) F,  order is randomized, (2. 5) .  (c) T, (2. 5) .  (d)  T,  (2 . 5) .  
(e) T, (2 .5) .  

5.  (a) F,  the purpose of placebos is make dissimilar treatments appear 
similar (2 .7) .  (b) F, only in randomized trials can we rely on comparability, 
and then only within the limits of random variation, (2 .2). (c) T,  (2. 7). (d) T, 
(2. 8) .  (e) T, (2 .7) .  

Exercise 2E 

1 .  Yes, it appears to . The death rate in the high-risk control group was 6.3 
times greater than in low-risk children. 

2. No. It  is  the allocation procedure itself that we are testing. 
3 .  We cannot be sure . There may be factors which are more important in 

other areas than they are in the study town. For example, if the study town 
was overwhelmingly populated by one ethnic group, factors relevant to other 
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ethnic groups would b e  missed . I n  fact, when the scoring system was tried i n  
a n  inner city area o f  London, it was not s o  effective a s  i n  this study. 

4 .  No. The month of birth distribution is different. This may be important 
if  the month of birth is related to mortality in the first year of life. As it 
happens, it is (Weatherall 1 976) and August is the birth month with second 
highest mortality . This biases the comparison . There are two ways round 
this . At the allocation stage, children who cannot be equally allocated could 
be excluded. This would be the 1 6  allocated to control on holidays and 20 per 
cent of those born between 7 July and 14 September 1 974. 

Alternatively at the analysis stage comparison should be made within 
allocation periods . This is complicated, but we would find the differences 
in rates for the 50-50 and 60-40 periods separately and then combine them. 
The 1 6  'controls' born on holidays have no observation children to com­
pare to them, and so contribute no useful information. They should still be 
excluded. 

5 .  No.  Apart from the effect of the deviations from randomization, which 
is probably small and which we shall ignore from now on, the observed group 
consists of volunteers . They have all agreed to the surveillance, but the 
control group have not had the opportunity to agree or refuse. They will 
therefore not be comparable (see Section 2.3) .  

6.  The authors say that they did this to show that even the most extreme 
comparison did not achieve statistical significance. In other words , to show 
that the difference is not large enough to provide convincing evidence that 
surveillance lowers mortality. This is not a reasonable thing to do because we 
expect these groups to be different simply by the selection procedure, 
irrespective of whether the treatment has any effect . 

7 .  The only comparison which is true to the allocation procedure is to 
compare the full observation group, both observed and refused, with the 
controls. The mortality rate in the observation group is 

2 + 3 
---- x 1 000 = 6.0 per 1 000 627 + 2 1 0 

compared to 9 . 8  for the controls. 
8. The study shows that this method of identifying high-risk children 

works quite well. The study is based on too few deaths for any firm con­
clusions to be drawn about the effectiveness of surveillance, although the 
data suggest that it may reduce mortality. The fall in mortality in the study 
town is impressive, but as the national data show there is a downward trend in 
mortality rates anyway. 

9. A definitive answer as to whether surveillance is effective could only be 
shown by a much larger study, perhaps covering several towns . This would be 
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expensive, but a national programme would be far more so. Health visitors 
represent resources which would have to be transferred from some other 
health service function. 

Exercise 3M 

I .  (a) F, can be anything (3 .3) .  (b) T, e .g .  people of Britain (3 .3 ) .  (c) T ,  
e .g .  all possible tosses of coins ( 3  .3) .  (d) T,  ( 3  .3) .  (e) T,  e .g .  all possible tosses 
of a coin,  or all patients as they would be if  given a new treatment. The latter 
does not physically exist but it is a population in which we may be very 
interested . 

2 .  (a) T, (3 . 3 ) .  (b) F ,  only tells us who is there on that day. (c) F, the 
hospital could be quite unusual . (d) F, only applies to current inpatients .  
Some diagnoses are less likely than others to lead to admission or to long stay. 
(e) T ,  (3 .2) .  

3 .  (a) T,  (3 .4) . (b) F, we must stick t o  the sample the random process 
produces (3 .4) .  (c) F, they can be (3 .4) ,  using standard errors, confidence 
intervals and significance tests (Chapters 8 and 9) . (d) T, (3.4) .  (e) F, it does 
not depend on the subject's characteristics at all , except for its being in the 
population. 

4. (a) F ,  some populations are unidentifiable. (b) T, (3 .4) .  (c) T ,  (3 .4) . 
(d) F, it can be very difficult.  (e) T, (3 .4) .  

5 .  (a) T ,  i t  is a random cluster sample (3 .4) .  (b) T,  (3 .4) .  (c) T,  each 
patient had the same chance of their hospital being chosen and then the same 
chance of being chosen within the hospital. This would not be so if  we chose a 
fixed number from each hospital rather than a fixed proportion, as those in  
small hospitals would be  more likely to  be  chosen than those in  large 
hospitals. (d) T, it is a random sample. (e) F, what about a sample with 
patients in every hospital? 

6. (a) F, we would not get enough cases of cancer of the oesophagus (3 . 7) .  
(b) T,  a case control study (3 .7) .  (c) F, we would not get enough cases (3 . 7) .  
(d) T ,  another form o f  case control study (3 .7) .  (e) T ,  a cohort study (3 . 7) .  

Exercise 3E 

1 .  Both control groups are drawn from populations which ere easy to get 
to , one being hospital patients without gastro-intestinal symptoms, the other 
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being fracture patients and their relatives. Both are matched for age and sex . 
Mayberry et al. also matched for social class and marital status . Apart from 
the matching factors, we have no way of knowing whether cases and controls 
are comparable, or any way of knowing whether controls are representative 
of the general population . This is usual in case control studies and is a maj or 
problem with this design . 

2. There are two obvious sources of bias : interviews were not blind and 
information is  being recalled by the subject. The latter is particularly a 
problem for data about the past. In James' study subjects were asked what 
they used to eat several years in the past. For the cases this was before a 
definite event, onset of Crohn' s  disease, but for the controls it was not, the 
time being time of onset of the disease in the matched case. 

3. The question in James' study was 'What did you use to eat in the past? '  
That in Mayberry et  al. was 'what do you eat now? '  

4. Of the 1 00 patients with Crohn's disease, 29  were current eaters of corn­
flakes . Of 29 cases who knew of the cornflakes a�sociation, 12 were ex-eaters 
of cornflakes, and among the other 7 1 cases 2 1  were ex-eaters of cornflakes, 
giving a total of 33 past but not present eaters of cornflakes. Combining these 
with the 29 current consumers, we get 62 cases who had at some time been 
regular eaters of cornflakes . If we carry out the same calculation for the 
controls ,  we obtain (3 + 1 0) = 1 3  past eaters and with 22 current eaters this 
gives 35 sometime regular cornflakes eaters . Cases were more l ikely than 
controls to have eaten cornflakes regularly at some time, the proportion of 
cases reporting having eaten cornflakes being almost twice as great as for 
controls . Compare this to James ' data, where 17 /68 = 25 per cent of 
controls and 23/34 = 68 per cent of cases, 2 .  7 times as many, had eaten corn­
flakes regularly. The results are similar. 

5. The relationship between Crohn's disease and reported consumption of 
cornflakes had a much smaller probability for the significance test and hence 
stronger evidence that a relationship existed (see Chapter 9). Also , only one 
case had never eaten cornflakes (it was also the most popular cereal among 
controls). 

6. Of the Crohn's cases, 67.6 per cent (i .e .  23/34) reported having eaten 
cornflakes regularly compared to 25 .0 per cent of controls. Thus cases were 
67 .6/25 .0  = 2. 7 times as likely as controls to report having eaten cornflakes. 
The corresponding ratios for the other cereals are: wheat, 2. 7; porridge, 1 .5 ;  
rice, 1 .6; bran, 6 . 1 ;  muesl i ,  2 .  7 .  Cornflakes does not stand out when w e  look 
at the data in this way. The small probability simply arises because it is the 
most popular cereal. 

7. We can conclude that there is no evidence that eating cornflakes is  more 
closely related to Crohn's  disease than is consumption of other cereals. The 
tendency for Crohn's case to report excessive eating of breakfast foods 
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before onset of the disease may be the result of greater variation in diet than 
in controls, as they try different foods in response to their symptoms. They 
may also be more likely to recall what they used to eat, being more aware of  
the effects of diet because of their disease. 

Exercise 4M 

1 .  (a) T, (4. 1 ) .  (b) F, parity is quantitative and discrete (4. 1 ) .  (c) F ,  
continuous (4. 1 ) .  (d) T,  (4. 1 ) .  (e) F, continuous (4. 1 ) .  

2 .  (a) T ,  (4. 1 ) .  (b) T,  (4. 1 ) .  (c) F, this i s  discrete (4 . 1 ) .  (d) T,  this includes 
years and fraction of a year (4. 1 ) .  (e) F, this is discrete (4. 1 ) .  

3 .  (a) F, the mean i s  greater (4.6).  (b) F, i t  could have more than one 
mode, we cannot say. (c) T,  (4.4). (d) F, this depends only on whether the 
variance is greater than 1 (4.7).  (e) T,  because the median is less than the 
mean (4. 5 ,  4.6) ,  

4. (a) T,  (4. 5) ,  (b) T,  (4 .3) .  (c) T,  (4. 3) .  (d) F, these only tell us the 
location and spread of the distribution (4.6,  4.7).  (e) T,  (4 .2) .  

5 .  (a) T ,  (4.6) .  (b) F, it is 2 .  The observations must be ordered before the 
central one is found (4.5) .  (c) T,  the most common observation is 2 which 
appears twice. (d) F, it is 7 - 1 = 6 (4.7).  (e) T,  the deviations from the mean 
are 0, - 2, 4, - 1 , - 1  so the sum of squares is 0 + 4 + 1 6  + 1 + 1 = 22 .  
These are ( n  - 1 )  = 5 - 1 = 4 degrees of freedom s o  variance = 22/ 4 = 5 .  5 
(4. 7) .  

Exercise 4E 

I .  Stem and leaf plot: 
2 2 9 
3 3 3 3 4 4 4 6 6 6 6 7 7 8 8 8 9 
4 0 0 0 2 3 4 4 4 5 6 7 7 7 8 9 9 
5 0 
6 0 

2. Minimum = 2.2 ,  maximum = 6.0.  )"'he median is the average of the 
20th and 2 1 st ordered observations, since the number of observations is  even. 
These are both 4.0, so the median is 4.0. The first quartile is between the 1 0th 
and 1 l th, which are both 3 .6. The third quartile has i = 0.75 x 4 1  
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Fig. 17.1 Box and whisker plot o f  blood glucose. 

6 

4 . 5 7 5  

4 
3. 6 

2 .  3 

3 1 7  

= 30.75 and lies between the 30th and 3 1 th observations, which are 4 . 5  and 
4.6, giving 4 .5  + 0.75 x 0. 1 = 4.575 . The box and whisker plot is shown in 
Fig. 1 7 . 1 .  

3 .  The frequency distribution is derived easily from the stem and leaf plot : 
Interval Frequency 

2.0-2.4  1 
2 .5-2 .9  1 
3 .0-3 .4 6 
3 . 5-3 .9  1 0  
4.0-4.4 1 1  
4. 5-4 .9  8 
5 .0-5.4 2 
5 . 5-5 .9  0 
6 .0-6.4  1 
Total 40 

4. The histogram is shown in Fig.  17 .2 .  
5 .  l;x = 1 62 .2 ;  x = 1 62 .2/40 = 4.055 
6. l;x2 = 676. 74 

l;x2 - (l;x)2 = 676.74 - 162 ·22 
= 1 9 .0 19  

n 40 
7 .  There are n - 1 = 40 - 1 = 39 degrees of freedom. 

V . 2 sum of squares anance, s = degrees of freedom 
1 9 . 109 

39 = 0.4876 67 
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Fig. 17.2 Histogram of blood glucose. 

8. s = .JS2 = .J0.487667 = 0.698 

x - 2s = 4.055 - 2 x 0.698 = 2 . 654 
x - s = 4.055 - 0.698 = 3 . 357 
x = 4.055 
x + s = 4.055 + 0.698 = 4. 753 
x + 2s = 4.055 + 2 x 0.698 = 5 .45 1  

9 .  Fig . 1 7  .2  also shows the mean and standard deviation marked o n  the 
glucose scale. The majority of points fall within one standard deviation of the 
mean and nearly all within two standard deviations of the mean. 

Exercise 5M 

1 .  (a) F ,  we have no idea how many would get better anyway. (b) T, (5 . 1 ) .  
(c) T, (5 .2) .  (d) T,  (2 . 1 ) .  (e) T, 66.67 per cent i s  2/3 . We may only have 3 
patients. 

2 .  (a) T,  (5 .2) .  (b) F,  it should be 1 730. We round up because of the 9. 
(c) F ,  this is given to six significant figures . To six decimal places it is 
1 729.543 7 1 0 .  (d) T, we round up because of the 7 .  (e) T ,  (5 .2) .  

3 .  (a) F ,  it is a bar chart (5 .5) .  A histogra!Il shows a frequency for a single 
variable, this shows the relationship between two variables. (b) T, (5 . 5) ,  see 
Fig . 1 7  . 3 .  (c) T, (5 .5) ,  see Fig. 1 7  . 3 .  (d) F, the time has no true zero to show. 
(e) T, (5 . 5) ,  see Fig .  1 7 . 3 .  
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4. (a) T,  (5 .8) .  (b) T,  (5 .8) .  (c) F ,  (5 . 8) .  (d) F,  there is no logarithm ofzero 
and a log scale cannot do this . (e) T, (5 . 8 ,  5A) . 

5 .  (a) F, shows the distribution of a single variable. (b) F, shows the 
distribution of a single categorical variable. (c) T,  (5 .6) .  (d) T,  (5 .5) .  (e) T ,  
(5 . 7 ) .  

Exercise 5E 

I .  This is  the frequency distribution of a qualitative variable, so a pie chart 
can be used to display it .  The calculations are as follows: 

Relative 

Category Frequency frequency A ngle 

schizophrenia 474 0. 323 1 1  1 1 6 
affective illness 277 0. 1 88 82 68 
organic brain syndrome 405 0.276 07 99 
subnormality 58 0.039 54 1 4  
alcoholism 57 0.038  85 1 4  
other 1 96 0. 1 33 6 1  48 
Total 1 467 1 .000 00 359 

Notice that we have lost one degree through rounding errors. We could work 
to fractions of a degree, but the eye is unlikely to spot the difference. The pie 
chart is  shown in Fig. 1 7 .4 .  
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Fig. 17.4 Pie chart showing the distribution of patients in Tooting Bee Hospital 
by diagnostic group. 

2. See Fig. 1 7 . 5 .  

P a r a l y t i c  p o l i o h y  t r e a t m e n t  H r o u p  
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Fig. 17.5 Bar chart showing the results of the Salk vaccine trial. 

3 .  There are several possibilities . In the original paper, Doll and Hill used 
a separate bar chart for each disease, as shown in Fig .  1 7  .6 .  

4 .  This is a frequency distribution of a quantitative variable, so a histo­
gram is appropriate. See Fig. 1 7 .7 .  

5 .  Line graphs can be used here, as  we have simple time series (Fig. 1 7 . 8) .  
For an  explanation of the difference between years, see Exercise 1 3E .  
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Fig. 17.6 Mortality i n  British doctors b y  smoking habits after Doll and Hill 
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Fig. 17.7 Histogram showing parity of women attending antenatal clinics at 
St George's Hospital. 
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Exercise 6M 

I .  (a) T, (6 .2) .  (b) T, if they are mutually exclusive they cannot both 
happen . (c) F, this applies to independent events (6 .2) .  (d) F, there is no 
reason why this should be so. (e) F, only true if these are exhaustive, the only 
events which can happen (6 .3 ) .  

2.  (a) T,  0.2 x 0.05 = 0.01 (6 .2).  (b) F, the probabilities are multiplied . 
Clearly the probability of both must be less than that for each one. (c) T, a 
difficult question. The probability of both is 0.01 , so the probability of X 

alone is 0.20 - 0.01  = 0 . 1 9  and the probability of Y alone is 0.05 - 0.01  = 
0.04 .  The probability of having X or Y is the probability of X alone + 
probability of Y alone + probability of X and Y together, because these are 
three mutually exclusive events. Having X and having Y are not mutually 
exclusive as she can have both. There are several ways of arrivi�g at this 
result . (d) F, if she has X the probability of having Y is still 0.05, because X 

and Y are independent . Having X tells us nothing about whether she has Y. 
(e) F, see (d) . 

3 .  (a) T, (6.4) .  (b) F, this is continuous. (c) T, the probability of each 
random choice producing a responder is equal to the proportion of 
responders in the population, which is constant . (d) F, there is no set of  
independent trials here . We might expect the variable to  follow a Poisson 
Distribution (6 .7) .  (e) F, the number of hypertensives follows a Binomial 
Distribution, not the proportion, though its distribution is closely related to 
the Binomial . 

4. (a) F, it is one (6 .6) .  (b) T, independent (6.2). (c) T, (6.4). (d) F, at least 
one tail means one tail (0 .5) or two tails (0 .25). These are mutually exclusive, 
so the probability of at least one tail is 0.5 + 0.25 = 0.75 (e) T,  (6 . 3 ) .  

5 .  (a) F, should be µ +  2 (6 .6) . (b) T, (6 .6) . (c) T, (6.6). (d) F, should be 
4a2, (6 .6) . (e) T,  (6 .6) .  

6 .  (a) T,  (6.6) . (b) T, (6.6). (c) T, (6 .6) . (d) F, the variance of a difference 
is the sum of the variances (6 .6) .  (e) F, variances cannot be negative. 
Var( - X) = ( - 1 )2 x Var(X) = Var(X) . 

Exercise 6E 

I .  Probability of survival to age 10 .  This illustrates the frequency defini­
tion of probability. The number out of 1000 surviving is 959, so the 
probability is 959/ 1000 = 0.959. 



, 

Exercise 6E 

2 .  Survival and death are mutually exclusive, exhaustive events. So 
Prob(survives) + Prob(dies) = 1 
Prob(dies) = 1 - 0.959 = 0.04 1  

3 .  A s  in 1 ,  these are just number surviving/ 1 000. 
Survive to age Probability 

1 0  0.959 
20 0.952 
30 0.938 
40 0.920 
50 0. 876 
60 0.758 
70 0. 524 
80 0.2 1 1  
90 0.022 

1 00 0.000 

323  

The events are not mutually exclusive, e .g .  a man cannot survive to age 20 i f  
he  does not survive to  age 1 0. This does not form a probability distribution . 

4. Prob(aged 60 survives to 70) = number alive at 70 divided by number 
alive at 60 

= 
524 

= 0.691 758 
5. Independent events .  Prob(survival 60 to 70) = 0.69 1 , probability both 

survive = 0.691  x 0 .69 1  = 0.478.  
6 .  The proportion surviving on average is the probability of survival = 

0.69 1 .  So a proportion of0 .69 1  of the 1 00 survive. We expect 0.691 x 1 00 = 

69 . 1  to survive. 
7 .  Prob(death in 2nd) 

= Prob(survives to 2nd) - Prob(survives to 3rd) 
= 0 .959 - 0.952 
= 0.007 

8 .  As in 7, we find 
Decade Probability of dying 

1 st 0.041 
2nd 0.007 
3rd 0 .0 14  
4th 0 .0 18  
5th 0.044 
6th 0. 1 1 8 
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Decade 

7th 
8th 
9th 

1 0th 

Probability of dying 

0.234 
0. 3 1 3  
0. 1 89 
0.022 

This is a set of mutually exclusive events and they are exhaustive - there is no 
other decade in which death can take place. The sum of the probabilities is 
therefore 1 .0 .  The distribution is shown in Fig . 1 7 .9 .  

3l 
..... 

.a nl .a 0 L 0.. 

0 .  3 

0 ·;:> 

0 .  1 

1 2 3 4 5 6 7 8 9 1 0  
O E! c: a d E! o f"  d E! a t h  

Fig. 17.9 Probability distribution o f  decade of death. 

9. We find the expected values or mean of a probability distribution by 
summing each value times its probability (Section 6.4): 

5 x 0.041 = 0.205 
1 5  x 0.007 = 0 . 1 05 
25 x 0.014 = 0. 350 
35  x 0.01 8  = 0.630 
45 x 0.044 = 1 .980 
55 x 0. 1 1 8 = 6.490 
65 x 0.234 = 1 5 .2 1 0  
7 5  x 0.3 1 3  = 23 .475 
85 x 0. 1 89 = 1 6 .065 
95 x 0.022 = 2.090 

66 .600 

Life expectancy at birth 66 .6  years 
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Exercise 7M 

I .  (a) T, (7 .2) .  (b) T, (7 .2 ,  7 .4 ,  7 . 5 ) .  (c) F, (7 .2 ) .  (d) F,  (7 .2 ) ,  see also 
( 1 5 . 5 ) .  (e) T ,  ( 7 . 2) .  

2 .  (a) F ,  i t  i s  symmetrical (7 . 3 ) .  (b )  F,  i t  i s  0 (7 . 3 ) .  (c) F ,  i t  i s  I ( 7 . 3 ) .  (d )  T ,  
(7 . 3 ) .  (e) T ,  because i t  i s  symmetrical (7 . 3 ,  4 . 6) .  

3 .  (a) T ,  (7 .2 ) .  (b )  T ,  a s  th i s  i s  t he  median (7 . 2 ) .  (c) F ,  we  do  no t  know.  
The Normal Distr ibut ion has  not h ing to  do wi th  normal physiology (7 .2 ) .  
(d) F, 2 . 5  per  cent do (7 .2) .  (e) F ,  2 . 5  per cent wi l l  be greater (7 .2 ) .  

4 .  (a) F ,  th i s  depends on the skewness (4 .6) ,  no t  the sample size.  (b )  T ,  
(4 .6) . (c )  T ,  because o f  t he central l imi t  theorem (7 .4) .  (d)  F,  t he sample size 
should not  affect t he mean . (e) F, depends on the shape of  t he frequency 
distr ibut ion and the nature of the variable .  

5 .  (a) T ,  mult iply by a constant (7.3) .  (b) F, fol lows a very s kew Chi­
squared Distr ibution with one degree of  freedom (7A).  (c)  T ,  add a constant 
(7 . 3 ) .  (d) T ,  d i fference between two i ndependent Normal variables (7 . 3 ) .  
(e) F, the  N ormal Distribution is  on ly  preserved by add ing or subtracting 
variables or constants and mult iplying or dividing by constants . In  fact this 
fol lows the I Distribution with one degree of  freedom (7 A). 

Exercise 7E 

I .  The box and whisker plot shows a very s l ight degree of skewness,  the  
lower whisker  be ing shorter than the upper and the lower hal f o f  the box 
smaller t han the  upper. From the histogram i t  appears that  the ta i l s  are  a l i t t l e  
longer than the Normal curve o f  Fig .  7 .  I 0 would suggest . Figure 1 7 . I 0 shows 
the Normal Distr ibut ion wi th  the same mean and variance superimposed on 
the  his togram, which also i ndicates th is .  

2 .  We have n = 40. For i = I to 40 we want to  calcu late (i - �)In = 

(2i - 1 )/211 . This  gives us a probabi l i ty .  We use Table 7 .  I to fi nd the  �alue of  
the Normal Distribut ion corresponding to  th is probab i l i ty .  For example ,  for 
i = I we have 

(2i - I )  2 - l l --- =--=- = 0.0 1 25 
2n 2 x 40 80 

From Table 7. I we cannot find the value of x corresponding to P = 0.0 1 25 
direct ly ,  but we see t hat x = - 2. 3 corresponds to P = 0 .0 1 1 and x = - 2. 2 to 
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Fig. 17.10 Histogram of the blood glucose data with the corresponding Normal 
curve. 

P = 0.01 4. P = 0.0 1 25 is midway between these probabilities so we can 
estimate the value of x as midway between - 2. 3  and - 2 .2 ,  giving - 2 .25 .  
This corresponds to the lowest blood glucose, 2 .2 .  For  i = 2 we have 
P = 0.0375 . Referring to the table we have x = - 1 . 8 ,  P = 0.036 and 
x = - 1 . 7, P = 0.045 . For P = 0.0375 we must have xjust above - 1 .8 ,  about 
- 1 .7 8 .  The corresponding blood glucose is 2 .9 .  We do not have to be very 

accurate because we are only using this plot for a rough guide. We get a set of  
probabilities as  follows: 

i (2i - 1 )12n = P x blood glucose 
1 1 /80 = 0.0 1 25 - 2 .25 2 .2  
2 3/80 = 0.0375 - 1 .78 2 .9  
3 5/80 = 0.0500 - 1 .65 3 . 3  
4 7/80 = 0.0875 - 1 .36 3 . 3  

and s o  on. Because o f  the symmetry o f  the Normal Distribution, from i = 2 1  
onwards the values o f  x are those corresponding to 40 - i + 1 ,  but with a 
positive sign. The Normal plot is shown in Fig. 1 7  . 1 1 .  

3 .  The points do not lie on a straight line. The central part of the line is  not 
very far from it, but there are pronounced bends near each end. These bends 
reflect rather long tails of the distribution of blood glucose. If  the line showed 
a steady curve, rising less steeply as the blood glucose value increased, this 
would show simple skewness which can often be corrected by a log transfor­
mation .  This would not work here; the bend at the lower end would be made 
worse. 

The deviation from a straight line is not very great, compared, say, to 
Fig. 7 .2 1 .  As we shall see in Chapter 1 0, such small deviations from 
Normality do not usually matter. 
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Fig. 17.11 Normal plot of the blood glucose data. 

Exercise 8M 

1 .  (a) F, standard deviation measures this . (b) F, see Chapter 1 5 .  (c) T 
(8 .2) .  (d) F ,  it is proportional to the square root of the number of  observa­
tions . (e) F,  it must be less, or equal when the sample size is 1 .  

2 .  (a) F (8 .3 ) .  (b) T (8 . 3 ) .  (c) F,  the sample mean is always in the middle of 
limits . (d) T (8 . 3) .  (e) F.  

3 .  (a)  F .  (b) T,  sf.Jn .  (c) F .  (d) F.  (e) T,  n - 1 . 
4. (a) T , (8 . 1 ) . (b) T , Chapter 7 . (c) T (8 .2). (d) F, this is 1 00 x 0. 1 x 0.9 

= np( I  - p ) ,  it should be p ( I  - p)/n = 0. 1 x 0.9/ 1 00 = 0.0009. (e) F,  the 
number in the sample with the condition follows a Binomial Distribution, not 
the proportion .  

5 .  (a) F,  i t  depends on the variability of FEY 1 ,  not the mean, (8  .2) .  (b)  F,  
it depends on the number in the sample only. (c) T,  (8 .2) .  (d) T,  the sample 
should be random, (3 .2) .  (e) T,  8 .2 .  

Exercise 8E 

I .  The standard error of the mean is s!.fn. 
Insulin: s/.Jn = 0.068/.,,/227 = 0.0045 
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Oral : s/.Jn = 0.070/.J225 = 0.0047 
Diet : s/.Jn = 0.070/.Ji27 = 0.0062 
All non-insulin: sl.Jn = 0.070/..J352 = 0.0037 

2 .  Difference = 0 .744 - 0.756 = - 0.0 12  
standard error is 

..Jse12 + sei2 = ..J0.00472 + 0.00622 
= 0.0078 

The samples are large, so the 95 per cent confidence interval for the difference 
is 

- 0 . 0 1 2  - 1 .96 x 0.0078 to - 0.0 12  + 1 .96 x 0 .00 8 
= - 0.027 to 0.003 

3 .  Difference = 0.7 1 9  - 0 .748 = - 0.029 
Standard error is 

..Jse12 + sei2 = ..J0.00452 + 0.00372 
= 0.0059 

The 95 per cent confidence interval for the difference is 
- 0.029 - 1 .96 x 0.0059 to - 0.029 + 1 .96 x 0.0059 

= - 0 .040 to - 0. 0 1 8  
4. Magnesium levels are related t o  treatment. Among non-insulin treated 

patients there may be no difference, though the data suggest that the patients 
given oral hypoglycaemics may have lower plasma magnesium levels than 
those treated by diet alone. The difference could be as great as 0 .03 mmol/l . 
Patients receiving insulin have clearly lower plasma magnesium levels than 
non-insulin treated patients, the difference being between 0.02 and 
0.04 mmol/l . 

5 .  To estimate mean plasma magnesium to within 1 per cent, we require 
the 95 per cent confidence interval to be mean ± 0.01  x mean. So for a mean 
of 0.72, say, we require l .96 x s/..Jn = 0.01 x 0.72 and from the table we 
expect s to be about 0.07 so 

n = ( 1 .96 x 0.070)2 = 363 0.01 x 0.72 
We should add a few to allow for lost blood samples etc . ,  so 400 would be a 
good number to aim for. 
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Exercise 9M 

I .  (a) F, there may be other differences related to coffee drinking, such as 
smoking (3 .5 ) .  (b) T, (9 .6) .  The relationship may not be causal , however. 
(c) F, there is a relationship (9.6). (d) F, not necessarily causal . (e) F, we only 
know that they are related . 

2. (a) T, the number with lower readings could also be used (9. 2) .  (b) T.  
(c) F, i t  is quite possible for either to be higher and deviations in either 
direction are important (9 .5) .  (d) T, (9.2). n = 1 6  because the subject giving 
the same reading on both gives no information about the di fference and is 
excluded from the test . (e) T,  (2 .4). In fact , they were. 

3. (a) F, it is that the population means are equal (9 .7) .  (b) F, that is what 
we are trying to find out. (c) F, (8 . 5) .  (d) F, there is no need for this . (e) T,  
(9. 7). 

4 .  (a) F ,  it may be very effective (9.6). (b) F, (9 .6) .  (c) F, the trial is small 
and it may be due to chance. We must do a bigger trial. (d) F, this would 
completely invalidate the test. If the null hypothesis is true, the test will give a 
'significant' result one in 20 times . If we keep adding cases and doing many 
tests we have a very high chance of getting a 'significant ' result on one of 
them, even though the.re is no treatment effect. (e) T, we need to increase the 
power (9 . 9) .  

5 .  (a) T,  the large sample methods depend on estimates of variance 
obtained from the data. This estimate gets closer to the population value as 
the sample size increases (Sections 9. 7, 9 .8) .  (b) F, the chance of an error of 
the first kind is the significance level set in advance, say 5 per cent . (c) T, the 
larger the sample the more likely we are to detect a di fference should one exist 
(9 .9) .  (d) T, (9.9) .  (e) F, the null hypothesis depends on the phenomena we 
are investigating, not on the sample size . 

Exercise 9E 

I .  The null hypothesis is that the proportion of vaccinated and non­
vaccinated children who develop polio are the same. We use the test for two 
proportions, Section 9 . 8 .  First we calculate the two proportions , Pi and p2, 
and the combined proportion, p. 

Vaccinated group: n i  = 200 745 ri = 33  
33  Pi = 200 745 = 0.000 1 64 39 
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Control group: n2 = 201 229 r2 = 1 1 5 
1 1 5  p2 = 201 229 = 0.000 5 7 1  49 

Combined : 
33 + 1 1 5 1 48 

p =
-------
200 745 + 201 229 401 974 = 0.000 368 1 8  

Test statistic: 

� 
p(l - p) ( _1 + _1 ) 

ni ni 
0.000 1 64 39 - 0.000 571  44 

0.000 368 1 8  x ( 1  - 0.000 368 1 8) x ( 200\45 
+ 

201
1
229 ) 

- 0.000 407 I O  

0.000 060 52 
- 6.72 

If the null hypothesis were true, this would be an observation from the 
Standard Normal Distribution. From Table 7 .2 we see that the probability of 
such an extreme value is much less than 0. 1 per cent or 0.00 1 .  Hence the 
difference is highly significant. 

2. This is a randomized double-blind trial and it is reasonable to suppose 
that any difference which occurred must be due to the treatment. 

3 .  To find the 95 per cent confidence interval we must see the standard 
error formula of Section 8 .6, which does not assume that there is no 
difference. The standard-error of the difference is 

se(pi _ Pi) = . / PiO - Pi) + P20 - P2) � n i ni 
0.000 1 64 39 x ( 1  - 0.000 1 64 39) 0.000 571  49 x ( 1  - 0.000 5 7 1  49) 

200 745 + 201 229 
= 0.000 060 47 

This is very similar to the standard error assuming equality of Pi and p2, 
because the sample sizes are so similar and the proportions so small that the 
1 - Pi and 1 - p2 terms could be omitted, being almost one. 

The 95 per cent confidence interval is found by 
Pi  - P2 ± 1 .96se(pi - P2) 
= 0.000 1 64 39 - 0.000 571  49 ± 1 . 96 x 0.000 060 47 
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- 0.000 407 1 0  ± 0.000 1 1 8 5 3  
- 0.000 525 6 3  t o  - 0.000 288 57 

Rounding to 2 significant figures gives us a reduction in proportion contract­
ing polio of between 0.000 29 and 0.000 53 ,  or between 29 and 53 cases per 
100 000. With a control polio rate of 57 per 100 000, the vaccine was clearly 
effective. 

4. The determination of the sample size is a challenge, as we have not 
considered this for the comparison of two proportions, but only for two 
means . We follow the method of Section 9 . 10 .  As we saw in Section 9 .9 ,  the 
relationship between the power of a test for a given difference and a signi­
ficance level of 0.05,  and the expected value of the test statistic is that the 
power is 1 - P(x) where 

x = 1 .96 - expected test statistic 
since the absolute value of the test statistic must exceed the c;ritical value P(x) 

is the cumulative Normal Distribution function of Table 7 . 1 .  For a power of 
90 per cent or 0 .90, x = - 1 .28 (Section 9 . 1 0) .  The test statistic is  

I p ( l - p ) (-1 + _1 ) V n1 n2 
For this trial the sample size are equal, n 1 = n2 = n ,  so p = {p1 + p2)/2 . We 
expect the proportion in the control group, p1 , to be about 50 per 1 00 000, or 
0.0005 . We assumep2 to be 60 per cent of this, 0 .0003 , to give the reduction in 
the number of cases of 40 per cent . So we want to have a highly probability of 
detecting a difference when p = (0.0005 + 0.0003)/2 = 0.0004 and (1 - p )  

1 - 0.0004 = 0.9996. 

x = 1 .96 _ ___ P_1 _-_P_2 __ _ � p ( l - p) (-1 + -1 ) 
n 1 ni 

_ 1 .28 = 1 .  96 _ __ o_._oo_o_5_-_o_._oo_o_3 __ v 0. 0004 x 0. 9996 x � 
- 3 .24 = _-_0_.0_0_02_ v 0.0�08 � o.o

n
oo8 = - 0.0002 

- 3 . 24 
= 0.000 061 729 
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0.0008 
n = ------ = 209 948 

0.000 06 1 7292 

So 200 000 children in each group is a very reasonable sample size for this 
study. After all,  a vaccine which reduced the disease by less than 40 per cent 
would not really be worth using. 

Exercise 10M 

1 .  (a) F, it is equivalent to the Normal Distribution method o f 8 . 3 .  (b) F, it 
is for quantitative data . (c) T.  (d) F, it is for a single or two matched samples. 
(e) T,  ( 1 0.2) .  

2 .  (a) F, ( 1 0.3 ) .  (b) T, ( 1 0.3) .  (c) F, this is what we are trying to find out.  
(d) T,  ( 10 . 3 ) .  (e) F, the large sample case is l ike the Normal test of 9 .7 ,  except 
for the common variance estimate. It is valid for any sample ize. 

3 .  (a) F, the assumption of a Normal Distribution would not be met. 
(b) T, the distribution followed by the data would not matter (9 .7) .  (c) T, 
( 1 0.4) .  (d) F, the sign test is for paired data. (e) F, we have measurements, 
not qualitative data. 

4. (a) F, ( 1 0 .5) .  (b) T, ( 1 0.5) .  (c) T, the more different the sample sizes 
are, the worse is the approximation to the t Distribution ( 1 0.5 ) .  (d) F, this 
becomes a large-sample Normal Distribution test (9 .7) .  (e) F, grouping of  
data is not a serious problem ( 1 0 .5) .  

5 .  (a) F, for a Normal Distribution x and s2 are independent (7A) . (b)  T ,  
(7.4). (c) T,  i t  will follow this distribution multiplied by  u2/(n - 1 ) ,  where a2 

is the population variance. {d) F, this is only true i f  the mean of the 
population distribution is zero ( I O. I ) . (e) T,  (7A) . 

Exercise 10E 

I .  The di fferences for P.(02) and compliance are shown in Table I 7. I .  The 
stem and leaf plot is :  

4 2 
3 
2 0 

I 

0 2 6 6 7 
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- 0  1 3 5 5 6 8 
- 1  6 7 
- 2  8 
- 3  
- 4  6 

The distribution is fairly symmetrical, though the tails are rather long for a 
Normal Distribution.  The t Distribution should be a reasonable 
approximation here, as there is little skewness. 

2 .  
L:x = - 5 .2  L:x2 = 58 .94 x = - 0. 325 

L:x2 - (L:x)2 
= 58 .94 - ( - 5 ·2>2 = 57 .25 

n 1 6 

s2 = _
I 

x 57.25 = 3 . 8 1 67 s = 1 .9536 1 5  g = � 3 ·��67 
= 0.48841 

3. We have 15 degrees of freedom, so, from Table I O. I ,  t = 2 . 3 1 .  The 95 
per cent confidence interval is 

x - t {!f. to x + t {!f. 
- 0. 325 - 2 . 1 3  x 0.48841 to - 0 .325 + 2. 1 3  x 0.4884 1 

- 1 0 .365 3 1  to 0.7 1 53 1 
= - 1 .4 to 0 .7 .  

There is little evidence of an effect of waveform on P.(02) .  Any effect 
which exists is quite small. 

5 
4 ..., 0 QJ .-, u .0. * 

s::: 1 QJ :t: *'+: !.... 0 * * QJ "' * *  :t: 4- -1 
4- -2 >ti< 
0 -3 :t: 

-4 
-5 

10 15 

Fig. 17.12 Difference versus mean for Pa (02) . 

20 25 

ME! an 



Table 17.1. Differences and means for p0(02) and compliance 

P.(02) Compliance 

Patient Constant Decelerating Difference Mean Constant 

I 9 . 1  1 0 .8 - 1 .7 9 .95 65.4 
2 5 .6 5 .9  - 0.3 5 .75 73 .7  
3 6 .7  7 .2  - 0.5 6.95 37.4 
4 8 . 1 7 .9  0 .2  8 .0  26.3 
5 1 6 .2 1 7 .0 - 0.8 1 6 .6 65.0 
6 1 1 . 5 1 1 .6 - 0 . 1  1 1 .55 35 .2  
7 7 . 9  8 . 4  -0.5  8 . 1 5  24.7 
8 7 .2  10 .0  - 2.8 8 .6 23.0 
9 1 7 . 7  22.3 - 4.6 20.0 1 33 .2 

1 0  10 .5  I I .  I - 0.6 1 0. 8  38.4 
I I  9 .5  I I .  I - 1 .6 1 0. 3  29.2 
1 2  1 3 .7 1 1 . 7  2 . 0  1 2 . 7  28 .3  
13  9 .7  9 .0 0 .7  9 .35  46.6 
14 10 .5  9 .9 0 .6 10 .2  6 1 .5 
1 5  6 . 9  6 .3  0.6 6.6 25 . 7  
1 6  1 8 . 1  1 3 .9 4.2 1 6 .0 48.7 

Decelerating Difference 

72.9 - 7 .5 
94.4 - 20.7 
43 .3  - 5. 9  
29.0 - 2.7 
66.4 - 1 .4 
36.4 - 1 .2 
27 . 7  - 3 .0 
27.5 - 4.5 

1 78 . 2  - 45 .0 
39 .3  - 0.9 
3 1 . 8  - 2.6 
26.9 1 .4 
45.0 1 .6 
58 .2  3 . 3  
25 .7  0 .0  
42 .3  6 .4  

Mean 

69. 1 5  
84.05 
40.35  
27.65 
65 .7  
35 .8  
26.2 
25 .25 

1 5 5 . 7  
38 .85 
30 .5  
27 .6  
45 .8  
59.85 
25 . 7  
45 .5  

w 
w 
""' 

Cll 
e.. 
� 
s· 
� C/l 
,... 0 
(1) >< (1) ..., (") c;;· (1) C/l 
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4.  Fig . 17 . 1 2  shows the difference against the mean. There is some 
indication that the difference increases with the mean, but that the relation­
ship is not strong. A logarithmic transformation of p.(02) may improve 
matters, but given the robustness of the t test this does not seem necessary. 

5. Stem and leaf plot for compliance: 
0 0 3 6 

- 0  0 2 2 3 4 5 7 
- 1  
- 2  0 
- 3  
- 4  5 

The plot of difference against mean is Fig. 1 7  . 1 3 .  The distribution is highly 
skewed and the difference closely related to the mean. 

ru 
LI ;;:: ru !.... ru 4-4-

0 

20 

0 

-20 

-40 

-60 
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M!!ar1 

Fig. 17.13 Difference versus mean for compliance. 

6.  �x = - 82 . 7  �x2 = 2648 .43 x = - 5 . 1 68 75  
�x2 - (��)2 = 2648 .43 - ( -��-7)2 = 2220. 974 3 8  

s2 = /5 x 2220.974 38 = 1 48 .064 96 g 
= 
� 148 .�:4 96 = 3 . 0420 

S = l 2 . 1 68 

7 .  As in 3 above, t = 2. 1 3 .  The 95 per cent confidence interval is 
- 5 . 1 68 75 - 2. 1 3  x 3 . 0420 to - 5 . 1 68 75 + 2. 1 3  x 3 . 0420 

- 1 1 .6482 to 1 . 3 1 07 
= - 1 2 to + 1 
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Table 17 .2. Difference and mean for log-transformed 
compliance (to base 10) 

Log compl iance 

Patient Constant Decelerating Difference Mean 

I 1 .8 1 6  1 .863 -0.047 1 . 8395 
2 1 .867 1 .975 - 0. 1 08 1 .92 1 
3 1 . 573 1 .636 - 0.063 1 .6045 
4 1 .420 1 .462 -0 .042 1 .44 1 
5 1 .8 1 3  1 .822 - 0.009 1 .8 1 75 
6 1 . 547 1 . 561 - 0. 0 1 4  1 . 554 
7 1 . 393 1 .442 - 0.049 1 .4 1 75 
8 1 . 362 1 .439 -0.077 1 .400_ 
9 2 . 1 25 2.25 1  - 0. 1 26 2 . 1 88 

1 0  1 . 584 1 .594 - 0 .0 1 0  1 . 589 
I I  1 .465 1 . 502 -0 .037 I .4835 
1 2  1 .452 1 .430 0.022 1 .44 1 
1 3  1 .668 1 .653 0.0 1 5  1 .6605 
1 4  1 .789 1 . 765 0.024 1 .777 
1 5  1 .4 1 0  1 .4 1 0  0.000 1 .4 1 0  
1 6  1 .688 1 .626 0.062 1 . 657 

8. Table 1 7  .2 shows the log-transformed data, using logs to base 1 0, with 
their differences and sums . The stem and leaf plot is 

0.06 2 
0.05 
0 .04 
0.03 
0.02 2 4 
0 .01  5 
0.00 0 

- 0.00 9 
- 0.0 1  0 4 
- 0 .02 
- 0.03 7 
- 0 .04 2 7 9 
- 0 .05 
- 0 .06 3 
- 0 .07 7 
- 0.08 
- 0 .09 
- 0 . 1 0 8 
- 0 . 1 1  
- 0 . 1 2 6 
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This is  a little unwieldy and we can condense i t  by pairing the first significant 
digits: 

0 .06 2 

0 .04 

0 .02 2 4 

0 .00 0 5 

- 0 .00 9 0 4 

- 0. 02 7 

- 0 .04 2 7 9 

- 0.06 3 7 

- 0 .08 

- 0 . I O 8 

- 0 . 1 2  6 

The difference against the mean is shown in Fig . 1 7  . 14 .  The differences are 
still related to the mean but not nearly so strongly as in Fig. 1 7  . 1 3 .  The 
distribution is more symmetrical and the use of the t Distribution seems 
much more reasonable than for the untransformed data. 

DJ 
u 
;:: 
DJ 
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0 
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Fig. 17.14 Difference versus mean for log compliance. 

9 .  Ix = - 0 .45 Ix2 = 0.049 886 X =  - 0 .028 1 25 

Ix2 -
(Ix)2 

= 0 .049 886 -
( - 0 .45 )2 

= 0 .037 229 75 
n 1 6  

s 2  = _l x 0.037  229 7 5  = 0.002 48 1 98 
1 5  ) � 

= 
� 0 .002

1

:8 l 98 
= 0 .0 1 2 453 

s = 0 .049 820 
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The 95 per cent confidence interval is 
- 0.028 1 25 - 2 . 1 3  x 0 .0 12  455 to - 0.028 1 25 + 2 . 1 3  x 0 .0 12  455 

= - 0.054 654 to -0 .001 5  959 

If  we transform these limits back by taking the antilogs we get 0 . 882 to 0 .996. 
This means that the compliance with a decelerating waveform is between 
0 .882 and 0.996 times that with a constant waveform. There is some evidence 
that waveform has an effect , whereas with the untransformed data the 
confidence interval for the difference included zero . Because of the skewness 
of the raw data the confidence interval was too wide. 

1 0 .  We can conclude that there is little evidence of any effect on P.(02) ,  although we  cannot exclude the possibility that the decelerating waveform 
produces a mean reduction of up to 1 .4 kPa, or an increase of up to 0. 7 kPa. 
There is some evidence of a reduction in mean compliance, which could be up 
to 12 per cent (from (1 - 0. 882) x 1 00), but could also be negligibly small . 

Exercise 1 1M 

1 .  {a) T, ( 1 1 . 1 0) .  (b) T, ( 1 1 . 1 1 ) .  (c) F, should be O, ( 1 1 . 1 0) .  (d) F, ( 1 1 . 1 0) .  
(e) F,  this i s  the regression coefficient ( 1 1 .3 ) .  

2 .  (a) F ,  usually has non-zero intercept, ( 1 1 .3 ) .  (b)  F,  ( 1 1 . 3) .  (c) F ,  the 
slope and the intercept have dimensions, ( 1 1 .3 ) .  (d) T,  we calculate a by 
Ji =  a +  bx, ( 1 1 .3 ) .  (e) T,  ( 1 1 .2 ,  1 1 . 3 ,  1 1 .4). 

3. (a) F,  the independent variable has no error in the regression model 
( 1 1 . 3 ) .  (b) T,  ( 1 1 .5) .  (c) T,  ( 1 1 .6) .  (d) F, only if necessary to achieve (b) and 
(c) . (e) F, there is a scatter about the line, ( 1 1 .3 ) .  

4 .  (a) F ,  they are closely related . In fact y = log(x) exactly .  (b)  F ,  the 
correlation coefficient is 0.89, ( 1 1 . 1 0) .  (c) T,  see (b ) . (d) T,  see (a) . (e) F, this 
is not a straight line. Polynomial regression would be better ( 1 1 .9) . 

5 .  (a) F, knowledge of x tells us something about y (6 . 1 ) .  (b) T, the 
correlation coefficient is zero ( 1 1 . 1 0) .  ( c) F, for part of the scale y decreases 
as x increases . (d) F, this is not a straight line . (e) T, ( 1 1 .9) . 

Exercise 1 1E 

1 .  females : 



males : 

total : 

Exercise 1 1E 

b = sum o f  products about mean 
sum of sq uares height 

= 2 . 9 1 2  1 9  
a = mean PEFR -

b 
x mean height 

4206 . 948 37 
1 444.600 47 

= 474.069 768 - 2 . 9 1 2  19 x 1 65 . 937  209 
- 9 . 1 70 9 1  

PEFR = - 9 . 1 7  + 2 . 9 1  x height 

8993 . 36  b = ----- = 3 . 966 20 
2267 .499 3 1  

a =  568 . 2  - 3 . 96620 x 1 77 . 303 448 
- 1 35 .02 1 266 

PEFR = - 1 35 .02 + 3 . 97 x height 

b = 39 6 1 9 .589 1  = 5 _ 740 I I 
6902 . 23 1 72 

a =  528 . 1 24 753 - 5 . 740 1 1  x I 72.464 356 
- 46 1 . 839  62 

PEFR = - 46 1 . 84 + 5 .74 x height 

3 3 9  

2 .  The  slope for the  combi ned group i s  considerably greater t han for either 
sex separately, which suggest s  an increase in  PEFR for males apart from t hat 
due to  height .  Note that the intercepts ,  wh ich are well  outside the range of t he 
data, are meaningless on t heir own . 

3 .  females :  

males : 

sum of  products about mean 
r = ---------'-------------

'1(sum of  sq uares height x sum of  squares PEFR) 
4206 . 948 37 

'1( 1 444 . 600 47 x I O I  1 07 . 65 1 )  
= 0 . 3 5  

8993 . 36  
r = -------------

-1(2267 .499 3 1  x 226 873 . 86) 
= 0.40 

4. We would expect the correlat ion for females to be less because t hey h ave 
a smaller range of height t han do males . The smaller the range of height , the 
smaller wi l l  be the  proport ion of  variabi l i ty  in  PEFR which can be explained 
by variat ions in heig h t .  This proport ion is r2 (Sect ion I I . 1 0) .  
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Exercise 1 2M 

1 .  (a) T, ( 1 0.3 ) .  (b) F, this is for paired data (9.2). (c) T, ( 1 2 . 2) .  (d) F, for 
paired data, ( 1 2 .3 ) .  (e) F, this looks for the existence of relationships between 
two ordinal variables , not a comparison between two groups ( 1 2.4,  1 2.5 ) .  

2 .  (a) F,  there i s  no dependent variable in  correlation ( 12 .5 ,  1 1 . 1 2) .  (b) T,  
( 1 2 . 5 ) .  (c) F, this  copes well with ties ( 1 2 .5 ) .  (d) T ,  ( 1 2 .5 ) .  (e) T ,  this would 
not affect the rank order of the observation. 

3 .  (a) F, i f  Normal assumptions are met the methods using them are better 
( 1 2 . 7) .  (b) T, ( 1 2 .7) .  (c) F, estimation of confidence intervals using these 
methods is difficult. (d) F, they required the assumption that the scale is 
ordinal , i . e.  that the data can be ranked . (e) T, this is what they are for .  

4 .  (a) T,  ( 1 0.2).  (b) F,  for two samples ( 1 2 .2) .  (c) T, (9 .2) .  (d) T,  ( 1 2 . 3 ) .  
(e) F, this would look for a relationship between responses on the two 
treatments. 

5.  (a) T,  ( 1 2 . 5) .  (b) F, U does not have expected value zero if the null 
hypothesis is true ( 1 2 .2) .  (c) F, ( 1 2 . 3) .  (d) T,  ( 1 2.4).  (e) F, this would be an 
extreme value (8 .2) .  

Exercise 12E 

1 .  Sign test for P.(02) . The differences are shown in Table 17 .  I .  We have 6 
positive and 1 0  negative differences, with no zeros . The null hypothesis is that 
there is no tendency for the constant waveform to produce higher or lower 
p.(02) than the decelerating waveform. Under this null hypothesis the 
number of positives is from a Binomial Distribution with n = 16 and p = f .  
We have 

Prob(r = 6) = 
1 6 !  

x (t) 16 = 0 . 1 22 1 9  6 !  x 10 !  
Prob(r = 5) = 1 6 !  

x ( f  ) 16 = 0.066 65 5 !  x 1 1  ! 
Prob(r = 4) = 

1 6 !  
x ( f  )16 = 0.027 7 7  4 !  x 12 !  

Prob(r = 3) = 
1 6 !  

x ( f  )16 = 0.008 54 3 !  x 1 3 !  
Prob(r = 2) = 

1 6 !  
x ( f  )16 = 0.00 1  8 3  2 !  x 14 !  
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1 6 !  
Prob(r = 1 )  = x {t) 16 = 0.000 24 

1 ! x 1 5 !  
1 6 !  Prob(r = 0) = x <±)'6 = 0.000 02 

O! x 1 6 !  

Prob(r ,,; 6) = 0.227 24 

341 

Since this Binomial Distribution is symmetrical, the probability of an equally 
extreme result in the opposite direction is Prob(r > 10) = 0.227 24 and the 
two-sided probability is  the sum of these, 0.227 24 + 0.227 24 = 0.454 48 . 
The difference is not significant and we have no evidence of an effect . 

2 .  We use the Wilcoxon test for matched data. We first rank the 
differences irrespective of sign, and then sum the ranks of the negative 
differences . 
Difference - 0. 1  0.2 - 0. 3  - 0.5  - 0.5  - 0.6 0 .6 0.6 
Rank 2 3 4-'-2 4-'-2 7 7 7 

Difference 0.7 - 0. 8  - 1 .6 - 1 .7 2.0 - 2 . 8  4 . 2  - 4.6 
Rank 9 1 0  1 1  1 2  1 3  1 4  1 5  1 6  

Sum o f  ranks for positive differences, T = 2 + 7 + 7 + 9 + 1 3  + 1 5  = 53 .  
From Table 1 3 . 5  the 5 per cent point i s  30  and Texceeds this. The difference is 
not significant . 

3 .  All three methods tell us that we have no evidence of a difference, but 
the t Distribution method gives us upper and lower estimates for any dif­
ference which may exist .  

4. The differences are shown in Table 1 7  . 1 .  We have 4 positive, 1 1  
negative and 1 zero . Under the null hypothesis of no difference, the number 
of positives is  from the Binomial Distribution with p = I• n = 1 5 .  We have 
n = 1 5  because the single zero contributes no information about the direction 
of the difference. For Prob(r < 4) we have 

Prob(r = 4) = 
1 5  ! 

4 !  x 1 1  ! 

Prob(r = 3) = 
1 5 !  

3 !  x 1 2 !  

Prob(r = 2)  = 
1 5 !  

2 !  x 1 3 !  

Prob(r = I )  = 
1 5 !  

1 ! x 1 4 ! 

Prob(r = 0) = 
1 5 !  

O !  x 1 5 !  

Prob(r ,,; 4) 

x <±)15 = 0.04 1  66 

X {t)15 = 0.0 1 3  89 

x <±)'5 = 0.003 20 

x <±) '5 = 0.000 46 

x <±) '5 = 0.000 03 

= 0.059 24 
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If we double this for a two-sided test we get 0. I 1 8  48 , again not significant. 
5. Using the Wilcoxon matched-pairs test we get 

Difference - 0.9  - 1 .2 - 1 .4 1 .4 1 .6 - 2 .6 - 2.7 - 3 .0 
Rank I 2 3.!. 2 3 .!. 2 5 6 7 8 

Difference 3 . 3  - 4 .5  - 5 .9 6.4 - 7 .5 - 20.7 - 45 .0  
Rank 9 I O  I I 1 2  1 3  1 4  1 5  

A s  for the sign test, the zero is omitted. Sum of ranks for positive 
differences is 

T = 3± + 5 + 9 + 12 = 29.5 

From Table 1 3 . 5  the 5 per cent point is  25, which T exceeds ,  so the 
difference is  not significant at the 5 per cent level. The three tests give similar 
answers . 

6. Using the log-transformed differences in Table I 7 .2 ,  we still have 4 
positives, I 1 negatives and I zero, with a sign test probability of 0. I 1 8  48 . 
The transformation does not alter the direction of the changes and so does 
not affect the sign test. 

7. For the Wilcoxon matched-pairs test on the log compliance: 
Difference - 0.009 - 0.0 IO  - 0.0 14 0.0 1 5  0 .022 0.024 
Rank 2 3 4 5 6 

Difference - 0.037 - 0.042 - 0.047 - 0.049 0.062 - 0.063 
Rank 7 8 9 I O  I I 1 2  

Difference - 0.077 - O . I 08 -0 . 1 26 
Rank 1 3  1 4  1 5  

T = 4 + 5 + 6 + I 1 = 26 

This is just above the 5 per cent point of 25 and is different from that in the 
untransformed data. This is because the transformation has altered the 
relative size of the differences . This test assumes interval data. By changing to 
a log scale we have moved to a scale where the differences are more 
comparable, because the change does depend on the magnitude of the 
original value. This does not happen with the other rank tests, the 
Mann-Whitney U test and rank correlation coefficients , which involve no 
differencing. 

8 .  We have found no evidence of an effect on p.(02) and although there is 
a possibility of a reduction in compliance it does not reach the conventional 
level of significance. 

9. The conclusions are broadly similar, but the effect on compliance is 
more strongly suggested by the t method. Provided the data can be trans­
formed to approximate Normality the t Distribution analysis is more 
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powerful ,  and as it also gives confidence intervals more· easily, I would prefer 
i t .  

Exercise 1 3M 

1 .  (a) F ,  ( 1 3 . 1 ) .  (b) T, ( 1 3 . 1 ) .  (c) F, (5 - 1 )  x (3 - 1 )  = 8 ,  ( 1 3 . 1 ) .  (d) T, 80 
per cent x 1 5  = 1 2  cells must be > 5 , ( 1 3 .2). (e) F, ( 1 3 .2). 

2 .  (a) T ,  80 per cent of 4 is greater than 3 so all must be > 5 ,  ( 1 3 .2) .  (b) F ,  
for categorical data, ( 13  . 1 ) .  (c) F ,  as b .  (d) F ,  ( 13  .2) .  (e) F ,  can be as small as 
20, if all row and column totals are 10 . 

3 .  (a) T ,  ( 1 3 . 1 ) .  (b) T ,  ( 1 3 . 8) .  (c) F, the tests are independent. (d) T, 
(2 - 1) x (2 - 1) = 1 ,  ( 1 3 . 1 ) .  (e) F ,  with such large numbers it does not make 
much difference. Without the continuity correction we get chi-squared = 

1 24 .5 ,  with it we get chi-squared = 1 1 9.4, ( 1 3 .6) .  

4 .  (a) T, we  look a t  the smoking of  each matched pair. (b) T, ( 1 3  . 8 ) .  (c) F ,  
we use the chi-squared test ( 1 3 . 1 ) .  (d) F ,  this is continuous variable, we use 
the paired t method ( 10.2) .  (e) F, there are two independent samples, we use 
the chi-squared test ( 1 3 . 1 ) .  

5 .  (a) T, ( 1 3 . 5 ) .  (b) T ,  ( 1 3 .5 ) .  (c) T ,  ( 1 3 .6) .  (d) T ,  this i s  its usual 
application, ( 1 3 . 5) .  (e) T, the factorials of large numbers can be difficult to 
calculate. 

Exercise 1 3E 

1 .  The heatwave appears to begin in week 1 0  and continue to include 
week 1 7 .  This period was much hotter than the corresponding period of 
1 982. 

2 .  There were 1 78 admissions during the heatwave in 1 983 and 1 10 in the 
corresponding weeks of 1 982. We could test the null hypothesis that these 
came from distributions with the same admission rate and we would get a 
significant difference . This would not be convincing, however . It could be 
due to other factors, such as the closure of another hospital with resulting 
changes in catchment area. 

3. The cross-tabulation is shown in Table 1 7 .  3 .  
4 .  The null hypothesis i s  that there i s  n o  association between year and 

period, in other words that the distribution of admissions between the 
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Table 17.3. Cross-tabulation of time period by 
year for geriatric admissions 

Period 

before during after 
Year heatwave heatwave heatwave Total 

1 982 1 90 1 1 0 82 382 
1 983 1 80 1 78 1 1 0 468 

Total 370 288 1 92 850 

periods will be the same for each year. The expected values are shown in 
Table 1 7 .4 .  

Table 17.4. Expected frequencies for Table 
1 7 .3  

Period 

before during after 
Year heatwave heatwave heatwave Total 

1 982 1 66.3  1 29.4 86.3 382 
1 983 203 .7 1 58 .6 105.7 468 

Total 370 288 1 92 850 

5 .  The chi-squared statistic is given by: 

� (0 - £)2 

E 
( 1 90 - 1 66.3)2 ( 1 10 - 1 29 .4)2 (82 - 86.3)2 

�����- + + 
1 66 .3 1 29.4 86.3 

( 1 80 - 203 .7)2 ( 1 78 - 1 58 .6)2 ( 1 1 0  - 1 05 . 7)2 
+ + -'--���---'- + �����-

203 . 7 1 58 .6  1 05 . 7  
1 1 . 806 

There are 2 rows and 3 columns, giving us (2 - 1 )  x (3 - 1 )  = 2 degrees of 
freedom. Thus we have chi-squared = 1 1 .8 with 2 degrees of freedom. From 
Table 14 . 3  we see that this has probability of less than 0.0 1 . The data are not 
consistent with the null hypothesis. The evidence supports the view that 
admissions rose by more than could be ascribed to chance during the 1 983 
heatwave. We cannot be certain that this was due to the heatwave and not 
some other factor which happened to operate at the same time. 

6 .  We could see whether the same effect occurred in other districts 
between 1 982 and 1 983 .  We could also look at older records to see whether 
there was a similar increase in admissions, say for the heatwaves of 1 975 and 
1 976. 
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Exercise 14M 

1 .  (a) T. (b) F, this is dichotomous, ( 14.2). (c) F, this is only ordinal, 
( 1 4.2) .  (d) T. (e) T. 

2. (a) F, ( 1 4 .5 ) .  (b) T, ( 14 .5) .  (c) T, ( 14 .5) .  (d) T, though only the rank 
order is used, ( 1 4 .5) .  (e) T, though only the rank order is used, ( 1 4.5 ) .  

3 .  (a) F, for independent samples, ( 14.3 ) .  (b) T, ( 14 .4) . (c) T,  ( 1 4.4). 
(d) F, the sample is too small . (e) T, ( 1 4.4) . 

4. (a) F ,  for continuous data, ( 12 . 3 ) .  (b) F, for continuous data, ( 1 2 . 1 0) .  
(c) F, for continuous data, ( 1 0.2) . (d) F, for ordinal data, ( 1 2 . 5 ) .  (e) T ,  
( 1 3 . 1 ) .  

5 .  (a) T,  ( 1 4.2). (b) F ,  for dichotomous data, ( 14 .2) .  (c) T ,  the two-sample 
t test , ( 1 4 .2) .  (d) F, for a single or matched sample, ( 1 4.3 ) .  (e) F, for a single 
or matched sample, ( 14 .3 ) .  

Exercise 14E 

1 .  Overall preference: we have one sample of patients, of whom 12 pre­
ferred A, 1 4  preferred B and 4 did not express a preference. We can use a 
Binomial or sign test (Section 8 . 1 ) ,  only considering those who expressed a 
preference. Those for A are positives, those for B are negatives . We get two­
sided p = 0.85 ,  not significant. 

Preference and order: we have the relationship between two variables, pre­
ference and order, both nominal . We set up a two-way table and do a chi­
squared test. For the 3 by 2 table we have two expected frequencies less than 
five, so we must edit the table. There are no obvious combinations, so we 
delete those who expressed no preference, leaving a 2 by 2 table, x2 = 1 . 3 ,  
1 d . f . ,  p > 0.05 . 

2. Both variables have very non-Normal Distributions. The pH is bimodal 
and nitrite is highly skew. It might be possible to transform the nitrites to a 
Normal Distribution but the transformation would not be a simple one. The 
zero prevents a simple logarithmic transformation, for example. Because of 
this, regression and correlation are not appropriate and rank correlation can 
be used . Spearman's p = 0.58 and Kendall 's T = 0.40 both give a probability 
of 0.004. 

3 .  The trial will have to be a two-group comparison, as we cannot wait 
for our subjects to have two labours. The outcome, mode of delivery, is 
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categorical and we are particularly interested in the proportion of instru­
mental deliveries . We therefore plan our trial as a comparison of two propor­
tions . We need to know what proportion of epidurals have instrumental 
deliveries and what sort of reduction in the rate we are looking for .  The first is 
fairly easy to get , the second more difficult. One approach is to use the 
methods of 9 . 1 0 to show the size of reduction we can detect with reasonable 
power for a range of sample sizes . Then we can use the proportion of women 
given epidurals and the number of deliveries per year to estimate how long a 
trial these different sample sizes would require and decide whether it is 
feasible to detect the sort of difference we may expect or hope for .  

4 .  We must use the total number of patients we randomized to treatments, 
because these are the comparable groups. Thus we have 1 7 1 1  active treatment 
patients including 1 5  deaths, and 1 706 placebo patients with 35 deaths. A chi­
squared test gives us x 2 = 8 .2 ,  d . f. = 1 ,  p < 0.01 . A comparison of two 
proportions gives a difference of - 0.01 1 7  with 95 per cent confidence 
interval - 0 .0 198 to - 0.0037 (8 .6) and test of significance using the Standard 
Normal Distribution gives a value of 2. 86, p < 0.0 1 ,  (9 .8) .  

5 .  The data are paired so we use a paired t test ( 1 0.2) . The assumption of  a 
Normal Distribution for the differences should be met as PEFR itself follows 
a Normal Distribution fairly well .  We get t = 6.4515 .05 = 1 . 3 ,  d . f. = 3 1 ,  
which is not significant, and a 95 per cent confidence interval of - 3 . 85 to 
1 6 .75 litre/min. 

6 .  We want to test for the relationship between two variables, which are 
both presented as categorical. We use a chi-squared test for a contingency 
table, x 2 = 38 . 1 ,  d . f. = 6, p < 0.00 1 .  One possibility is that some other 
variable, such as the mother' s  smoking, or poverty, is related to both 
maternal age and asthma. Another is that there is a cohort effect .  All the 
age 14- 1 9  mothers were born during the Second World War, and some 
common historical experience may have produced the asthma in their 
children. 

7. We have two large samples and can do the Normal comparison of  two 
means (8 .5 ) .  The standard error of the difference is 0 .0178 s and the observed 
difference is 0.02 s, giving a 95 per cent confidence interval of - 0. 0 1 5  to 
0.055 for the excess mean transit time (MTT) in the controls .  For matched 
cases only, for each case we could calculate the mean MTT for the two 
controls matched to each case, find the difference between 
case MTT and control mean MTT, and use the one sample method of 
Section 8 . 3 .  
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Exercise 15M 

1 .  (a) T, ( 1 5 .4) .  (b) F, this is measured by sensitivity { 1 5 .4) . (c) T, ( 1 5 .4) . 
(d) F, this is the proportion agreeing ( 1 5 .4). (e) F, we need the sensitivity as 
well ( 1 5 .4) . There are other things, dependent on the population studied , 
which may be important too, like the false positive rate. 

2. (a) T, ( 1 5 . 1 ) .  (b) F, this would depend only on how variable were the 
true values which we were trying to measure. (c) T, ( 1 5 . 1 ) .  {d) T, ( 1 5 . 1 ) .  
(e) F ,  unless the measurement process changes the subject , we would expect 
this to be zero . 

3 .  (a) F ,  we expect 5 per cent of 'normal ' men to be outside these limits 
.( 1 5 . 5) . (b) F, see (a) . (c) F, he may have a disease which does not produce an 
abnormal haematocrit. (d) F, this reference range is for men . Women may 
have a different distribution of haematocrit and it is dangerous to extrapolate 
the reference range to a different population. In fact ,  for women the 
reference range quoted was 35 . 8  to 45 .4, putting a woman with a haematocrit 
of 48 outside the reference range. (e) T, the haematocrit outside the range 
suggests it, although it does not prove it .  

4. (a) T ,  it is based on fewer potential survivors ( 1 5 .6). (b) F, they con­
tribute half an interval at risk ( 1 5 .6) . (c) T, if survival rates change those 
subjects starting later, and so more likely to be withdrawn, will have a 
different survival to those starting earlier. The first part of the curve will 
represent a different population to the second. (d) T, the longest survivor 
may still be alive and so become a withdrawal. (e) T, ( 1 5 .6). 

5. (a) T,  ( 1 5 .2) .  (b) F, ( 1 5 .2) . (c) T, ( 1 5 .2) . (d) T, ( 1 5 . 2) .  (e) F, ( 1 5 . 2) .  

Exercise 15E 

1 .  The blood donors were used because i t  was easy to get the blood . This 
would produce a sample deficient in older people, so it was supplemented by 
people attending day centres . This would ensure that these were reasonably 
active, healthy people for their age. Given the problem of getting blood and 
the limited resources available, this seems a fairly satisfactory sample for the 
purpose. The alternative would be to take a random sample from the local 
population and try to persuade them to give the blood . There might have been 
so many refusals that volunteer bias would make the sample unrepresentative 
anyway. 
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The sample is also biased geographically, being drawn from one part of 
London. In the context of the study, where we wanted to compare diabetics 
with normals this did not matter so much, as both groups came from the same 
place . For a reference range, if there were a geographical factor, the range 
would be biased in other places . To look at this we would have to repeat the 
study in several places, compare the resulting ranges and pool as appropriate. 

2. We want normal, healthy people for the sample , so we want to exclude 
people with obvious pathology and especially those with disease known to 
affect the quantity being measured. However, if we excluded all elderly 
people currently receiving drug therapy we would find it very difficult to 
obtain a sufficiently large sample . It is indeed 'normal' for the elderly to be 
taking analgesics and hypnotics, so these were permitted . 

3 . From the shape of the histogram , the distribution of plasma magnesium 
does indeed appear Normal. Figure 17 . 1 5 shows the superimposed Normal 
curve. 
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Fig. 17.15 Distribution of plasma magnesium in 140 apparently healthy people, 
with superimposed normal curve, mean, and standard deviation. 

4. The reference range, outside which about 5 per cent of normal values 
are expected to lie, is (.X - 2s) to (x + 2s) ,  or (0 . 8 1 0  - 2 x 0.057) to (0. 8 1 0  + 

2 x 0.057), which is 0.696 to 0.924, or 0. 70-0 .92 mmol/litre . 

5 .  As the sample is large and the data Normally distributed the standard 
error of the limits is approximately � 3�2 

= 
3 x

' 0.0572 
1 40 

= 0.008 343 9 
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For the 95 per cent confidence interval we take 1 .96 standard errors on either 
side of the limit , 1 .96 x 0.008 343 9 = 0 .0 16 .  The 95 per cent confidence 
interval for the lower reference limit is 0.696 - 0.0 1 6  to 0.696 + 0.0 1 6  = 

0.680 to 0 . 7 1 2  or 0.68 to 0 .7 1  mmol/litre. The confidence interval for the 
upper limit is 0 .924 - 0.0 1 6 to 0.696 + 0 .0 16  = 0.908 to 0 .940 or 0 . 9 1  to 0.94 
mmol/litre. We can see that the reference range is well estimated as far as 
sampling errors are concerned . 

6. Plasma magnesium did indeed increase with age . The variability did 
not . This would mean that for older people the lower limit would be too low 
and the upper limit too high , as the few above this would all be elderly. We 
could simply estimate the reference range separately at different ages . We 
could do this using separate means but a common estimate of variance, 
obtained like that for the two sample t test in Section 1 0 . 3 .  Or we could use 
the regression of magnesium on age to get a formula which would predict the 
reference range for any age. The method chosen would depend on the nature 
of the relationship . 

Exercise 16M 

I .  (a) F, this is the SMR.  (b) T, ( 1 6 . 1 ) .  (c) F, it is for a specific age group, 
not age adjusted . (d) F, it measures the number of deaths per person at risk, 
not the total number. (e) F, it tells us nothing about age structure. 

2 .  (a) F ,  ( 1 6 .4) .  (b) T, this is how the l ife table is calculated . (c) T, the 
distribution of age at death if these mortality rates apply (Exercise 6E) . (d) T, 
( 1 6 .4) .  (e) T, ( 1 6 .4) .  

3 .  (a) T, i n  fact 7 . 7  times as likely. (b) F ,  age effects have been adjusted 
for. (c) F, i t  may be true, but it may also be that heavy drinkers become 
publicans. It is difficult to infer causation from observational data. (d) F, 
men at high risk of cirrhosis of the liver , i . e. heavy drinkers, may not become 
window cleaners , or window cleaners who drink may change their occupa­
tion, which requires good balance. (e) F, they have a low risk. Here the 
'average' ratio is 1 00, not 1 .0. 

4 .  (a) F ,  this tells us about mortality, not population structure. (b) F .  
(c) F, see a .  (d) T, ( 1 6 .6) .  (e) F, a bar chart shows the relationship between 
two variables, not their frequency distribution (5 . 5 ) .  

5 .  (a) T, ( 1 6 .2) .  (b) F ,  ( 1 6 . 5 ) .  (c) F ,  this i s  a rate per 1 000 live births ( 1 6 . 5 ) .  
(d) F, ( 1 6 . 1 ) .  (e) T, does not depend on age distribution ( 1 6 .4) .  
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Exercise 1 6E 

I .  We obtain the rates for the whole period by dividing the number of 
deaths in an age group by the population size . Thus for ages 1 0- 14  we have 
44/427 1 = 0 .010 30 cases per thousand population . This is for a thirteen­
year period so the rate per year is 0 .010 30/ 1 3  = 0.000 79 per 1000 per year, 
or 0. 79 per million per year. Table 17 .5 shows the rates for each age group. 

Table 17.5.  Age-specific mortality rates for volatile substance 
abuse, Great Britain, and calculation of SMR for Scotland 

Great Britain a.s .m.r .s  
Scotland Scotland 

per million per thousand population expected 
Age group per year per 13 years (thousands) deaths 

0-9 0.00 0.000 00 653 0 .000 00 
1 0- 1 4  0.79 0.01 0  30 425 4.3 7 50 
1 5 - 1 9  2.58 0.033 58 447 1 5 .01 0 26 
20-24 0.87 0.01 1 37 394 4.4 9 78 
25-29 0.32 0.004 1 5  342 1 .41 9 30 
30-39 0.08 0.00 1  08 659 0 . 7 l l  72 
40-49 0.03 0.000 33 574 0. 189 42 
50-59 0.09 0.001 1 2  579 0.648 48 
60 + 0.03 0.000 37 962 0.355 94 

TOTAL 27 . 1 92 490 

The rates are unusual because they are highest among the adolescent 
group, where mortality rates for most causes are low. Anderson et al. ( 1 985) 
note that ' . . .  our results suggest that among adolescent males abuse of 
volatile substances currently account for 2 per cent of deaths from al l  causes 
. . .  ' The rates are also unusual because we have not calculated them 
separately for each sex. This is partly for simplicity and partly because the 
number of cases in most age groups is small as it is. 

2 .  The expected number of deaths by multiplying the number in the age 
group in Scotland by the death rate for the period, i .e. per thirteen-years, for 
Great Britain. We then add these to get 27 . 1 9 deaths expected altogether. We 
observed 48 , so the SMR is 48/27 . 1 9  = 1 .76, or 1 76 with Great Britain as 
100 .  

3 .  We find the standard error of the SMR by .JOIE = .../48/27 . 1 9  = 
0.2548 . The 95 per cent confidence interval is then 1 .76 - 1 .96 x 0.2548 to 
I .  76 + 1 .96 x 0.2548, or 1 .26 to 2.25 . With Great Britain as 100 we get 1 26 to 
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225 . The observed number i s  quite large enough for the Normal 
approximation to the Poisson Distribution to be used . 

4. Yes, the confidence interval is well away from zero . Other factors relate 
to the data collection, which was from newspapers, coroners, death 
registrations etc . Scotland has different newspapers and other news media 
and a different legal system to the rest of Great Britain .  It may be that the 
association of deaths with VSA is more likely to be reported there than in 
England and Wales . 
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of sampling distribution 1 3 7  
and standard error 1 3 8  
standard error of 1 43 

standard error 1 37 
of difference between means 140-2, 

173 
of difference between proportions 

1 42-3 , 1 57 
of mean 1 37-8 
of  predicted value in regression 

1 99-200 
of proportion 1 40 

of reference range 280-7 
of regression coefficient 1 95-7 
of regression estimate 1 97-8 
of SMR 30 1 -2 
and standard deviation 1 3 8  
o f  standard deviation 143 

Standard Normal Distribution 1 20-4, 
1 55 ,  1 66-7 , 1 82-4, 223 

standardized mortality ratio 300-302 
st:;.ndardized mortality rate 299-300 
standard population 299, 300 
statistic 5 1  

test 1 5 1  
vital 305 

stem and leaf plot 60- 1 
step function 57,  291 
still birth rate 305 
stratification 34-5 
streptomycin 1 1 - 1 2, 1 9, 2 1 -2,  89, 24 1 ,  

245 
stroke 6-7 
Student 14 ,  1 68 
Student's t Distribution, see 

Distribution 
subsets 1 62 
sudden death 27-9 
sum of products about mean 1 93 ,  203-4 
sum of squares 

about mean 66-7, 70, 72, 1 06-9 
about regression 1 96,  2 1 0  
due to regression 1 96 
expected value of 1 06-8 

summation 64-5 
survey 3 1 -3 ,  35-6, 44-6 
survival curve 291 
survival rate 291 
symmetrical distribution 62 

t Distribution 1 3 1 ,  1 65-9, 1 84 
and Normal Distribution 1 65-6 
degrees of freedom 1 3 1 ,  1 66,  1 7 3  
shape o f  1 68 
table 1 67 

t method 
assumptions of 1 65 ,  1 70-2, 173 ,  1 75 ,  

1 79-82 
deviation from assumptions 1 70-2, 

1 75 ,  1 79-82 
difference between means in matched 

sample 1 69-72, 268-9 
difference between means in two sam­

ples 1 72-5 , 224, 26 -8 
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paired 1 69-72 
regression coefficient 1 96-7 
single mean 1 66-7 

t test, see t method 
tables of probability distributions 1 2 1 ,  

1 23 ,  167, 208 , 220, 226, 230, 235, 
244 

tables, presentation of 7 1 -80 
tally 57 
Tanzania 76, 227 
test statistic 1 5 1  
test, diagnostic 283-5 
ties in rank tests 22 1 ,  227 
ties in sign test 1 49 
time 75 
time series 85-8 
transformations 1 75-9, 202, 286-7 

and confidence intervals 1 79, 1 87 ,  287 
to linearity 202 
logarithmic 1 25-6, 1 76-9, 1 87,  202, 

278, 286-7 
to Normal Distribution 1 25 ,  1 76-9, 

266-7, 286 
reciprocal 1 76-8 
square root 1 76-8 
to uniform variance 1 78 ,  202, 277-8 

treatment 6 
treated group 6-8 
trend in contingency tables 247, 267-8, 

270- 1 
chi-squared test for 247-5 1 ,  267-8, 

270- 1 
triglyceride 62, 64, 69, 1 25-6, 287-8 
tuberculosis 7-8, 1 2, 19, 88-9, 24 1 ,  245 
Tukey 60, 63 
two-sided test 1 52-4 
two-tailed test 1 52-4 

unexpected d�ath 27-9, 37 
Uniform Distribution 1 1 9-20 
uniform variance 1 73 ,  1 75 
unimodal distribution 6 1  
urinary nitrite 273-4 

variability 65, 276 
variability explained by regression 1 96, 

207 
variable 5 1  

random see random variable 

variance 65-8, 1 02 
about regression line 1 96, 2 1 0- 1 1 
analysis of 270- 1 
common 1 73 
comparison of two 268 
comparison in paired data 269 
degrees of freedom for 66, 69-72, 

1 06-9 
estimate 66, 69-72 
of probability distribution 1 0 1 -2 
of random variable 1 0 1 -2 
residual 1 96, 2 1 0- 1 1 
of sample 66-8, 1 06-9 
uniform 173 ,  1 75 
within subjects 293 

variation, coefficient of 277 
Victora 76 
vital statistics 305 
volatile substance abuse 3 1 0- 1 1 
volunteer bias 7, 1 5- 1 7, 35 ,  37 
VSA 3 1 0- 1 1 

wheeze 275 
whooping cough 275 
Wilcoxon test 

matched pairs 224-7 ,  286-9 
one sample 224-7, 286-9 
table 226 
signed rank 226 
two sample 224 

withdrawn from follow-up 289 
Wright peak flow meter 1 69, 1 74,  276-7, 

280-3 

x 65, see also sample mean 
X-ray 2 1 -2,  89, 285 

Yates 257 
Yates' correction 254-5 , 267-9 

zero, missing 83, 85-6 

xi, see chi-squared 
µ. 1 02,  see also population mean 
p see Spearman's rank correlation 

coefficient 
E 64-5 
a2 102, see also variance 
r see Kendall ' s  rank correlation 

coefficient 









This is a textbook in medical statistics for medical students, doctors, 

medical researchers, and others concerned with medical data. It 
should also be of interest to students of statistics who wish to learn 

about the practical application of statistical methods. It contains all 
the material required for a medical degree and for most post-graduate 
qualifications. 

The fundamental concepts of study design and statistical inference 
are explained by illustration and example, and, for those who wish 
to go further, the mathematical background is also described. The 
material covered includes the design of clinical trials and 
epidemiological studies, summarizing and presenting data, proba­
bility, standard errors, regression and correlation, rank methods, 

measurement error, reference ranges, mortality data, vital statistics, 
and the choice of statistical method. 

The book is firmly grounded in medical research and the interpreta­
tion of the results of statistical calculations is emphasized. All the data 
in the many examples are real, from the author's own research and 
statistical consultation or from the medical literature, to which 

reference is made where possible. There are 75 multiple-choice ques­
tions, with annotated solutions, and 15 exercises in study design and 
data analysis, with fully explained solutions. 

Reviews 
. . .  a book which I think anyone teaching an introductory course in medical 

statistics should seriously consider as the main text to accompany their 

course . . . .  It covers all the material which is likely to be needed at medical 

undergraduate level and for the various professional exams. 

Statistics in Medicine 
At last I have a book on medical statistics that I can safely recommend to 

my students! 

Journal of the Royal Statistics Society 
If you want to understand some of the statistical ideas important to medicine 

but fear being overwhelmed by mathematics you will welcome An 
Introduction to Medical Statistics by M Bland . . . .  Altogether a useful introduc­

tion to medical statistics. 

British Medical Journal 
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